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1. SUMMARY OF THE PROJECT 

1.1 Project Goals and Objectives 

This fundamental and applied research proposal provides the scientific and quantitative paradigms 

for forensic comparative analysis of fractured and torn metal and plastic objects, utilizing three-

dimensional (3D) digital representations of their fractured surfaces and their replicas. An 

integrated validation study will be conducted on sequentially broken hacksaw blades and their 

topological replicas. The methodology utilizes 3D spectral analysis of the fracture surface 

topography, mapped by 3D microscopy (developed under previous NIJ funding). The framework 

focuses on quantitative statistical measures for the full range of the subclass and individual 

characteristics of the examined object, and identification of material role on the fracture-feature-

characteristic scales. The proposed quantitative forensic comparisons have potential applications 

across a broad range of fractured materials and/or toolmarks, with diverse textures and mechanical 

properties. 

The proposed framework will assist the examiner by providing analytical and statistical 

support for his/her decision, by estimating with confidence bounds the probability of a true match, 

helping to arrive at a quantitative match decision. Our methods will use statistical learning tools 

trained on databases of both matches and non-matches. 

Successful advancement of the proposed technique has the potential to provide a new 

investigative machine-based analysis with quantified error probabilities that can be applied in 

performing physical matches for a variety of materials. This research will be conducted in response 

to the NIJ’s expressed need for expanding knowledge underlying forensic science, and in 

collaboration with forensic scientists working in forensic laboratories. 
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1.2 Research Questions 

Fractured fragments with rough and irregular surfaces, found at crime scenes, are recognized as 

“being a match” using comparative microscopy and physical pattern analysis. We utilized the 

surface topography of the fractured fragments, measured by 3D microscopy to provide a 

quantitative basis for declaring a match with quantified probability and error rates. We set the 

comparison scale to capture the transition of fracture surface topography to become non-self-affine 

(surface roughness independent of observation window). At such transition scale, fracture surfaces 

exhibit unique roughness characteristics; dictated by the intrinsic material properties, 

microstructure and imperfections, and exposure history to environment and external forces. In the 

case of the examined class of hardened alloys, which are common in cutlery and tool steel, the 

identified scale can be related to the microstructure size-scales and is found to be approximately 

two to three times the grain diameter. This scale closely relates to the characteristic distance 

necessary for the initiation of cleavage fractures in semi-brittle and hardened metallic alloys. 

Consequently, the imaging scale required is approximately 20 times the grain-diameter. For each 

pair of fractures, a k−overlapping images were recorded, with different overlap ratios. The 

identification of spectral representations for various wavelengths and critical features on the 

fracture surface was accomplished using the mathematical Fourier Transform. Subsequently, 

quantitative topological descriptions were devised for the image pairs by performing correlation 

comparisons on two spectral bands encompassing the limiting fractal scale. These frequency bands 

are bounded by frequencies corresponding to 2-4 and 4-8 grain diameters. Consequently, each set 

of fracture pairs under examination yields a total of k−pairs of correlation values. A statistical 

learning tool was then formulated, employing multivariate statistical analysis methods to classify 

the fracture pairs based on this collection of k−pairs of topological descriptors. This classification 
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offers a foundation for establishing the uniqueness of forensic comparisons. The performance of 

our statistical learning methodology is tested on a robust training data set and validated on a set of 

thirty-eight different broken pairs of either knives broken in bending, or stainless steel rods with 

similar grain sizes, broken in tension or bending. The efficacy of the framework under different 

modes of loading is examined by application to a set of 9-twisted knives to failure. All broken 

pairs were classified with very high accuracy. The framework lays the foundations for forensic 

applications with quantitative statistical comparison across a broad range of fractured materials 

with diverse textures and mechanical properties. 

1.3 Research Design, Methods, Analytical and Data Analysis Techniques 

1.3.1 Introduction 

Consider the example of a crime scene where investigators have found the tip of a knife or other 

tool, which appears to have broken off from the rest of the object. Later, investigators recover a 

base that appears to topographically match and they wish to show that the two pieces are from the 

same knife in order to use that evidence later at trial. To this extent, the analyst comparison relies 

on subjective pattern recognition methodologies. Scientific testimony used in a criminal or civil 

trial must be “not only relevant but reliable”, according to the Supreme Court decision Daubert v. 

Merrell Dow Pharmaceuticals, Inc (1993). The application of this ruling forced a reconsideration 

of some previously acceptable forensic evidence and a re-evaluation of the scientific validation of 

its premises and techniques1. In 2009, The National Academy of Sciences issued a report, 

“Strengthening Forensic Science in the United States: A Path Forward”, which evaluated the state 

of forensic science and concluded that, 
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[M]uch forensic evidence—including, for example, bite marks and firearm and tool-mark 

identification—is introduced in criminal trials without any meaningful scientific validation, 

determination of error rates, or reliability testing to explain the limits of the discipline.2 

However, it should be noted that a considerable amount of prior work has been done to provide a 

quantitative and scientific basis for firearm and toolmark identification, for example, with the 

consecutive matching striae (CMS) method.3–5 The report highlighted the need to develop new 

methods which have meaningful scientific validation and are accompanied by statistical tools to 

determine error rates and the reliability of the methods. To that end, the American Association for 

the Advancement of Science has recently published reports on the state of fire investigation6 and 

latent fingerprint examination7. 

In the current framework, we focus on fracture matching, the forensic discipline of 

determining whether two pieces came from the same fractured object. The fracture mechanisms 

leave surface marks on both surfaces that could be utilized for matching fragments. Current 

forensic practice for fracture matching visually inspects the complex jagged trajectory of fracture 

surfaces to recognize a match using comparative microscopy and tactile pattern analysis8, 9, where 

macro-features on a pair of fracture fragments are correlated as shown in Figure 1(a, b). Previous 

research has supported that the observed fracture patterns in metals are unique10, 11 and that 

inspection via a microscope of the fracture surfaces by examiners can reliably validate matches12 . 

However, this relies on subjective comparison without a statistical foundation, which may be 

flawed, as the 2009 NAS report argues: “But even with more training and experience using newer 

techniques, the decision of the toolmark examiner remains a subjective decision based on 

unarticulated standards and no statistical foundation for estimation of error rates.2” 
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It is therefore desirable to develop more objective methods using quantitative measures 

that can be validated with less human input for use in a criminal or civil trial. Here we propose to 

employ the fractal character of the topology of the fracture surfaces and their transition to become 

non-self-affine (self-affinity means scaling of the roughness with the observation window) with 

unique roughness characteristic13 to define the suitable comparison scale and also develop the 

supporting statistical methods to perform forensic fracture matching using three dimensional (3D) 

topological imaging of the fracture surface details. The basis for physical matching is the 

assumption that there is an indefinite number of matches all along the fracture surface. The 

irregularities of the fracture surfaces are considered to be distinctive and may be exploited to 

individualize or distinguish correlated pairs of fracture surfaces8, 14 . For example, the complex 

jagged trajectory of a macro-crack in the forensic specimen of Figure 1(a) can sometimes be used 

to recognize a “match” by an examiner or even by a layperson on a jury8, 14 . However, experience, 

understanding, and judgment are needed by a forensic expert, to make reliable examination 

decisions using comparative microscopy and physical pattern match as indicated in Figure 1(b) to 

identify correlated macroscopic topological features. Indeed, the microscopic details of the non-

contiguous crack edges on the observation surface of Figure 1(a, b) cannot always be directly 

linked to a pair of fracture surfaces, except possibly by a highly experienced examiner. There are 

many published studies and case reports concerning fracture or pattern matching of different 

materials such as rubber shoe soles, wood, glass, tape, paper, skin, fishing line, cable, and, most 

commonly, metal15–30 . However, at about one tenth the scale of Figure 1(b), the 3D microscopic 

details imprinted on the topographical fracture surface of Figure 1(c) carry considerable 

information that could provide a quantitative forensic comparison with higher evidentiary value. 

Forensically, glass and metal fracture surfaces have been shown to have highly stochastic fracture 
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branches due to the randomness of the microstructure and grain sizes10, 31, with limited prior 

attempts to quantitatively match two measured fracture surface topographies12, 17 . The fracture 

surface topography contains many unique features over a wide range of length scales, which 

generally provide substantial information on damage initiation and propagation. 

The material microstructure controls the micro-mechanisms of fracture and the 

microscopic crack growth path, while the loading direction sets the macroscopic crack trajectory32 . 

Mandelbrot et al.13 first showed the self-affine nature of fractured surfaces and relating its 

roughness via the exponent characterizing the scale invariant properties ‘fractal dimension’ to the 

material resistance to fracture. The self-affine nature of the fracture surface roughness has been 

experimentally verified for a wide range of materials (metals, ceramics and glasses) and static and 

dynamic loading conditions33–37 . A key finding is the variation of such surface descriptors when 

measured parallel to the crack front and along the direction of propagation 38 . The cut-off length 

scale of the self-affine behavior was suggested as a unique length scale to characterize the 

microscale fracture process in ductile 34, 39, 40 and brittle/semi-brittle materials 34, 41, 42 . 

Figure 1: Association of forensic fragments. (a) Visual jigsaw match of the macroscopic crack 
trajectory at the typical examination scale. (b) Physical pattern match with comparative 
microscopy, with analyst focusing on macroscopic topological features. (c) 3D 
representation of fracture surface, showing detailed topographic features at the relevant 
comparison scale (∼ 20 grains), utilized in current work. 
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We first present an overview of the method and the study objectives. Then we describe the 

sample generation method and the imaging process used to create training and forensically relevant 

data sets. We then provide a description of the statistical model, which discriminates the matching 

fracture surfaces from the non-matching surfaces. 

1.3.2 Project Overview and Research Design 

Our objective is to find the scale of distinctive features on a fracture surface with unique roughness 

characteristics, and then create a statistical method, which uses the features to match a pair of 

fragments in a way that is suitable for use as evidence in a crime scene. Motivated by the 

observations about the self-affine nature of fracture surfaces, it can be speculated that a randomly 

propagating crack will exhibit distinctive fracture surface topographical details when observed 

from a global coordinate that does not recognize the direction of crack propagation. This work 

explores the existence of such distinction of a randomly generated fracture surface at some relevant 

length scales. The distinction of these topographical features implies that they can be used to 

individualize and distinguish the association of paired fracture surfaces. Our approach uses the 

fact that the microscopic features of the fracture surface in Figure 1(c) possess distinctive or unique 

attributes at some relevant length scale that arise from the interaction of the propagating crack-tip 

process-zone and the microstructure details. The corresponding surface roughness analysis is 

shown in Figure 2 using a height-height correlation function,  h  x  h(x   x)  h(x)2 
, 

x 

where the  operator denotes averaging over the x-direction. We see that at the small length 
x 

scale of less than 10–20 µm, the roughness characteristic is self-affine (i.e. proportional to the 

analysis window scale). However, at larger length scales (> 50–70µm), this characteristic deviates 
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and reaches a saturation level, highlighting the individuality of the surface topography at such an 

observation scale. For the examined class of materials with average grain size of approximately 

dg = 25–35 µm, this scale is found to be about two grain-diameters. Dauskardt et al.34 have 

examined the topography of a wide range of brittle failure of well characterized mild steel at 

extremely low temperature, and observed two ranges over which the fractal dimension is constant. 

The first range is 1-10microns corresponding to the cleavage step. This range of cleavage step will 

be non-unique, as it will be found in all surfaces of the same alloy that exhibit cleavage failure. 

The second range is of the order of twice to three times the grain size. It is shown that the fractal 

dimension is constant over a range of the order of twice or three times the grain size range for 

transgranular cleavage fracture, about twice the grain size range for intergranular fracture, and of 

the order of the grain size for the quasicleavage fracture34 . In the field of fracture mechanics, it is 

postulated that cleavage failure occurs when the local stress ahead of the crack tip exceeds the 

fracture strength of the material over a characteristic distance, equal to two-grain diameter34, 45 . 

This critical scale is required for cleavage crack initiation. However, it is apparent that such critical 

scale is also embedded in the topography of the fracture surface. When a microcrack is initiated at 

a hard-particle, it may be arrested if there is insufficient global driving forces to continue crack 

propagation46 . Accordingly, the requirement of reaching critical stress over a microstructure 

critical distance will be maintained for continued crack propagation until the macroscopic crack 

reach an unstable propagation domain, and thereby set-forth the critical fractal scale on the 

topology of the fracture surface. 

It is important to note that the reported fractographic details are reported for mild steel, 

examined at extremely low temperature, below the ductile to brittle transition temperature 

(DTBTT) of (−95oC), where fracture occurs before general yielding due to slip-induced cleavage. 
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Figure 2: Fracture surface characteristics. (a) 3D surface topography rendering of fracture surface, 
showing a biased orientation of the low-frequency texture of the fracture surface. The 
direction of crack propagation is along the x-axis. (b) Height-height correlation variation 
with the size of the imaging window, showing the domain of the self-affine deformation 
and the deviation of the fracture surface characteristics at higher length scales ( > 50– 
70µm), which could be used for matching purposes. 

For the current examined alloy of AISI 440C stainless steel, a common alloy for cutlery and knives, 

the alloy has up to 1.2% carbon content in order to make the alloy hard and remains sharp. Such 

carbon content also shifts the DBTT to be above the room temperature47 . Accordingly, it is no 

surprise that the examined alloy in the form of rods of knives at room temperature show similar 

fractal character to mild steel alloys tested below their DTBTT 34, 45 . 

Furthermore, it is also important to note that the requirement of local stress ahead of a crack 

to exceed the fracture stress over a microstructurally significant distance45 should be viewed in 

statistical terms. The characteristic dimension represents the location the weakest link for the 

fracture process to occur46 . The cleavage fracture process-zone is statistical in nature48 , as a finite 

volume of the material ahead of the crack tip should include a local defect to nucleate cleavage 

crack. This very critical argument to show the statistical basis for the individuality of the fracture 
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surface. Two nominally identical articles from the same material lot might show very different 

toughness (resistance to fracture) and failure strength values. By extension, we speculate also that 

such statistical differences will result in different local fracture surface topology because of the 

statistical randomness of the microscopic spatial location of the critical fracture-triggering particle. 

Susceptibility of cleavage fracture is sensitive to microstructure (grain size and carbide 

population), yield strength, stress state (triaxiality), and environment (temperature and radiation). 

Similarly, the fracture topography will exhibit unique microscopic feature signatures that exist on 

the entire fracture surface. We extend these parameters to generally include the material 

microstructure, the intrinsic material resistance to fracture, the direction of the applied load, and 

the statistical distribution of imperfections within the microstructure. This work utilizes these 

foundations of the fractal nature of the fracture surface topography and the statistical nature of 

initiation of cleavage fracture to explore the existence of a critical length scale required for imaging 

comparison, and the corresponding distinctive or unique attributes of the fracture surface, as well 

as their applications to forensic comparison of fractured surfaces. 

The height-height correlation function at this transition scale captures the uniqueness of 

the fracture surfaces, so we can use that function’s behavior in setting the observation scales (i.e., 

field of view, FOV, and imaging resolution) for comparing matching and non-matching surfaces 

to produce a statistical model of each topographical class’s behavior for use in classification. This 

imaging scale should be greater than about 10-times the self-affine limit scale to avert signal 

aliasing. Further, we can combine multiple observations at different length scales or topographical 

frequencies (around the self-affine saturation scale and readily segmented in the frequency space) 

of a single surface into one model in order to improve the ability to discriminate between surfaces 

of the same class or materials and manufacturing processes (for instance, individualization of a 
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pry tool from a similar batch of identical tools). The statistical model can produce a likelihood 

ratio or log-odds ratio of a new set of surfaces belonging to either class, which are common outputs 

of forensic matching methods49–55 . The creation of this model can also be used to estimate 

probabilities of misclassification and compare to the actual rates of misclassification in the test 

data. Conceptually, this is similar to forensic matching models, which are used in fingerprint 

identification, and bullet matching. In fingerprint identification, features (minutiae) on the 

reference print and the latent print are marked and then the pair is given a score based on how well 

the two match, which may be part of a probabilistic model reporting a likelihood ratio or other 

probabilistic output56 . The Congruent Matching Cells approach for matching breech face 

impressions on cartridge cases in ballistics takes a similar approach: it divides the scanned surfaces 

into cells and searches for matching cells on the other surface. It then uses this as an input to a 

statistical model, which outputs a likelihood ratio57, 58. 

Figure 3: Detailed SEM analysis of a typical fracture surface for (a) bent broken knife broken in 
bending, showing topological details normal to the imaging plane, and (b) twist broken 
knife in torsion, showing in-plane swirl textures. 
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1.3.3 Sample Generation and Imaging 

To mimic forensic articles found in a crime scene and that might undergo comparative analysis, 

we consider two main material classes: sets of rectangular rods of a common tool steel material 

(SS-440C) fractured under control tension and bending configurations (Figure S.2(b, d)), and sets 

of knives (Figure S.1) from the same manufacturer (Figure S.1(c, d)), fractured at random 

employing the fixture shown in Figure S.1(b). Figure 1(a) shows atypical pair of fragments, 

generated for this study. The average grain size for both groups was approximately dg = 25–35 

µm. Four different sets of samples were established with nine specimens in the two sets of knives 

and ten specimens in the two sets of steel rods. To show the generalization of the approach for 

modes of loading, an additional set of 9-knives (Figure S.1(e)) was tested by random twisting 

utilizing the fixture shown in Figure S.1(b). The fracture surface topography would be influenced 

by a combination of fracture loading modes; that is mixed mode of the tensile mode-I and tearing 

mode-III loading as shown in Figure 3(b). The scanning electron microscope (SEM) images shows 

subtle differences between the Modes of loading. Figure 3(a) shows cleaved grains in a direction 

normal to imaging plane due to the pulling action (mode-I) under bending. Figure 3(b) shows swirl 

texture due to the combined out of plane tensile (mode-I) and in plane tearing (mode-III) loading. 

These topographical textures are very different and clearly show the critical role of external loading 

direction. Further details about sample preparations are given in Section S.1. 

For clarity, we refer to the surface attached to the knife handle as the base and the surface 

from the tip portion of the knife as the tip and apply the same terminology to samples from the 

rectangular steel rods. The microscopic features of pairs of fracture surfaces were analyzed by a 

standard non-contact 3D optical interferometer (Zygo-NewView 6300), which provides a height 

resolution of 20 nm. Utilizing the results of the height-height correlations of Figure 2(b), the 
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transition scale commences at around 50–70 µm to become non-self-affine and saturate, rendering 

a required imaging FOV of about 500µm. For the examined material systems, this scale amounts 

to 2–3 times the grain size (consistent with the fracture process zone for cleavage fracture45), and 

the FOV should cover 20–30 grain-diameters. Accordingly, an optical magnification of 20X is 

employed, providing a 550µm FOV and 0.55 µm/pixel resolution (Figure 2(a)). Two fragments 

were aligned for imaging relative to their rectangular edges and their lower right corner. Image 

mis-registration can greatly affect the correlation estimations between a pair of images. However, 

the implemented procedure in this work to utilize the spectral (frequency) space is very tolerant to 

linear mis-registration of up to 20% of the FOV and several degrees of angular miss-registration, 

further elaborated in S.2. 

Figure 4: A fracture pair showing the alignment of series of topographical images, relative to a 
reference coordinate w.r.t. the right edge of the fractured article. A series of k = 9 
topographical images with 75% overlap between successive images, rendering three fully 
independent sequel images on the fracture surface. 
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A series of k-overlapping surface height 3D topographic maps were acquired from the pairs of 

fracture surfaces (Figure 4; k = 9), and quantized using Fourier transform based power spectral 

analysis as summarized in Figure 5 in (a) the image analysis step. The choice of overlap means 

there are three full independent sequential images on a surface. Multiple overlapping images were 

needed to overcome problems arising from missing grains between pairs of the fracture surface 

and/or the special circumstances of complex tortuous path of fracture. The effect of the number of 

images and overlapping ratio will be further discussed in Section 3. Additionally, having a super-

image of stitched FOVs results in mis-registration at the overlapping boundary of the stitched 

images, leading to an additional interfering frequency within the band of comparison. 

Figure 5: Flow chart showing (a) image spectral analysis, (b) model training, and (c) classification 
of new objects to provide classification probabilities. For a new field object, an examiner 
would use (a) to image the object and perform (c) using a model trained in (b) on samples 
of the same class to guide forensic conclusions. 

1.3.4 Image Spectral Analysis and Frequency Correlations 

From the 3D imaging of the fracture surface, the measured height distribution function h(x) is 

acquired to define the topography of the fracture surface at every spatial point, x on the fracture 
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surface of a pair of fragments, shown in Figure 5(a). Each wavelength on the fracture surface has 

a distribution, in the frequency domain H(f), which is acquired using a Fast Fourier Transform 

(FFT) operator. For example, grain size has a distribution of frequencies across the spectrum rather 

than one specific frequency. Similarly, other microscopic fracture features have a range of spectral 

distributions59, 60 . For a pair of fractured surfaces, the population of these features contains relevant 

information about the physical fracture processes present at each length scale (e.g. dimples and 

voids at the sub-microscale, and river marks at scales of tens of microns). 

The spectral space analysis provides a straightforward segmentation of the surface 

topographical frequency ranges for comparison. After calculating the spectra of each pair of 

images, each spectrum was divided into multiple radial sectors. The segmented angular sectors for 

the frequency range (0◦, 180◦) represents the entire data set, because the amplitude of H(f) exhibits 

inversion symmetry. The spectral array size is proportional to 2n, as this is a mathematical feature 

of the FFT. For the image size employed in this work, a spectral array of 1024 by 1024 is acquired, 

although only the upper half is utilized because of symmetry. The radial segments for comparison 

in the frequency domain (marked on the FFT spectral representation in Figure 5(a)) are chosen to 

reflect the physical process scales and the corresponding wavelength, identified from the height-

height correlation of Figure 2(b). 

To compare the surfaces of two fragments, two-dimensional statistical correlations 

between their spectra are computed in banded radial frequencies, yielding a similarity measure on 

each frequency band for the corresponding k-pairs of images. As noted earlier, the increments for 

the bands’ frequency are determined by the scale of the image and the material microstructure, 

covering the transition scale of the height-height correlation of Figure 2(b). A training data set 

with N fracture surfaces is utilized to estimate the correlation distribution among the two selected 
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frequency bands on all k image pairs for both the population of true matches and true non-matches 

fracture surfaces. For establishing a statistical match, these distributions, shown in Figure 6, form 

the basis for our classification and matching process strategy, following the two modules 

summarized in Figure 5, (b) Model training on an initial data set, and (c) performing classification 

of new sample(s). 

1.3.5 Statistical Model Training/Fitting 

A statistical model will be developed to distinguish matching from non-matching fracture surfaces. 

Employing a training data set, the behavior of the frequency band correlations in the population of 

matches and non-matches has to be estimated and modeled. The proposed framework provides a 

separate model for each class (i.e., match and non-match). The model training process, highlighted 

in Figure 5(b), entails: 

1. Choice of controlled and robustly characterized data set of fractured pairs to train the 

model. 

2. Computation of the correlations for the frequency bands for the sets of k images for all N 

matching and N(N − 1)/2 non-matching surface pairs. 

3. Employing the Fisher’s z transformation on the correlation data to stabilize variance61 . 

4. Fitting the models using a matrix-variate distribution (as detailed later in this section) to 

describe the distribution of true matches and true non-matches. The matrix-variate models 

account for the difference in location of the correlations and account for the covariance of 

the repeated observations across the surface. 

The frequency band correlations for one of the examined data sets (K-1-1) are shown in 

Figure 6. The proposed method’s discrimination ability can be judged from the clear separation of 
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matching and non-matching surfaces within two separate clusters. The data in this illustration were 

derived from N = 9 base-tip pairs from fractured knives. A series of k = 9 overlapping images were 

taken from each base and tip fracture surface, resulting in N × 2k = 162 total images (81from the 

tips and 81 from the bases). Additional details are given in the S.1 for different data sets. In this 

example, image pairs for when the tip and base surfaces were from the same knife are true matches 

(N × k = 81 matched-pairs), while those pairs for which the tip and base surfaces were from 

different knives are true non-matches (N(N − 1) × k = 648 unmatched-pairs). Furthermore, there 

Figure 6: Scatter plot of correlations for 81 matched pairs and 648 non-matched pairs from training 
set K-1-1 for the 5–10 and 10–20 mm−1 frequency ranges on a Fisher-z (nonlinear) axis. 
We see that true matches and true non-matches are distinguished in this example by 
features in the 5-10 and 10-20 mm−1 frequency ranges. The connected points show the 
values of nine overlapping images from the same surface, indicating that while some 
individual images may not distinguish matches from non-matches, taking an ensemble of 
images from the surface importantly improves the ability to discriminate between the two 
classes in this data set. 

is one image-pair among the true matches in Figure 6 which cannot be distinguished from the true 

non-matches and three other pairs that are ambiguous. To further improve the discrimination, 
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considering multiple k－observations from the same surface would distinguish it from the 

nonmatches, since the other observations on that surface are well-separated from the non-matches. 

In the current framework, we take the information from every pair of images and collectively based 

on the model, a decision is driven accounting for the fact that the images are not independent, i.e. 

overlapping and coming from the same fracture surface. The role of imaging repetition or overlap, 

may improve the signal to noise ratio. Figure 7 summarizes the correlation analysis over several 

ranges of frequency bands. A clear separation (lower values for the true non-matches and higher 

values for the true matches) can be observed for the 5–10 and 10–20mm－1 frequency-band ranges. 

Beyond these frequency ranges, there is some overlap, where the true match and the true non-

match correlation distributions become less distinct and overlap more. 

Figure 7: Histograms of correlations of true matches and true non-matches in one set of 9 surfaces 
with 9 images per surface split by frequency band. Lower frequencies are well-separated 
but higher frequencies begin to have more substantial overlap. 

For the presented data set of k = 9 overlapping images for each fracture surface and two 

(or more) comparison frequencies, each comparison between a pair of fracture surfaces based on 
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the ensemble of nine images provides a 2 × 9 matrix of correlations. Our model needs to account 

for the lack of independence in the images from the same specimens. Accordingly, we propose 

using a matrix-variate distribution62, 63 to model the densities of the matching and nonmatching 

populations, and, specifically, a matrix-variate t distribution (MxVt) because the data for the 

individual comparisons are approximately elliptically distributed but have heavier tails than a 

normal distribution. A definition of the distribution is in the Supplement Section S.3 and the 

density is defined in Equation S1 in the Supplement. 

We use matrix-variate distributions to model the relationship between the two frequency 

bands in each image comparison and across the images being compared in the base and tip pair 

(e.g. Figure 6). Because of the overlapping-image structure of the data source, our model allows 

between-image correlations in the matrix-variate model to be related according to an 

autoregressive model of order 1 (or AR(1)) model (implying that immediately adjacent images can 

be correlated). The AR(1) model implies that the mean correlations in the two frequency bands 

remain the same across the images on a surface in the model. The parameters of the model are 

estimated using an expectation-maximization (EM) algorithm developed for the matrix-variate t 

distribution64 . 

1.3.6 Classification of a New Object 

Figure 5(c) summarizes the classification procedure. Suppose the fitted model has been trained on 

a set of k-images per fracture surface, yielding probability density functions f1 corresponding to 

the population of true matches and f2 corresponding to the population of true non-matches. 

Suppose also that there is a new pair of fracture surfaces that may or may not match. First, the 
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correlations for the k-aligned image pairs in the chosen frequency bands are computed and 

transformed, yielding a new observation X, which is a matrix of observations of correlations with 

one row for each frequency band and one column for each pair of images—here, a 2 × k matrix. 

Then, presuming prior probability p of being a true match and prior probability 1－p of being a 

true non-match, we can find, by combining prior probabilities and the match and non-match 

densities from the model, the posterior probability that the two surfaces match as follows: 

p f  x
P  X is a match   . 

p f  
1

1 2(1 )x p f   x 

Alternatively, a likelihood ratio (LR) can be produced as f1  x f2  x , which is a common method 

in forensic applications49–55 , and these LR results can be incorporated into a framework for 

expressing the uncertainty about the strength of evidence under different sets of assumptions65 . 

The likelihood ratio can be combined with prior odds  p (1 p) to produce posterior odds: 

p
Posterior Odds   LR 

(1 p) 

with the conversion of odds O to probability P performed by the formula P  O (1 O) . Here, 

odds and likelihood ratios are employed and reported on the logarithmic scale. Once the posterior 

odds are obtained, classification decisions can be made under the rules of evidence relevant to each 

forensic case. 

For the purposes of illustrating the method, we are using an equal prior probability of being 

a match or non-match (i.e., p = 0.5 or a log prior ratio of 0). In an actual criminal or civil case, 

choosing a prior match probability would require carefully considering any other evidence or 

relevant information previously presented. 

20 

This resource was prepared by the author(s) using Federal funds provided by the U.S.  
Department of Justice. Opinions or points of view expressed are those of the author(s) and do not 

necessarily reflect the official position or policies of the U.S. Department of Justice.



 
 
 

      

               

              

            

            

              

              

              

            

              

              

             

           

                

        

               

   

              

                

               

            

              

        

      

               

              

            

            

              

              

              

            

              

              

             

          

                

       

               

   

              

                

               

            

              

       

 

1.4 Expected Applicability of the Research 

The performed study responds to a need for advanced methods that aid in analysis and 

comparison of fracture and torn surfaces, employing new tools and algorithms. The study provided 

a protocol utilizing 3D microscopy and statistical computational methodology to provide a 

quantitative assessment of fracture surfaces and their replicas for forensic comparison, combined 

with a statistical expression of the comparison. The performed study enhances the ability of 

forensic scientists to capture, visualize and analyze fracture patterns, and to express the likelihood 

of a match between patterns in statistical terms that support the qualitative and quantitative 

judgment of the examiner. The provided protocol might promulgate a standard operational 

procedure for fracture surface description, analysis, and comparison that can be used in forensic 

labs. The current study has the potential to provide forensic laboratories with techniques for: 

(i) Examining continuous fracture pieces with relatively few gross macro features in metals 

and plastics, where visual physical matching may not be possible. 

(ii) Providing a wealth of data to establish the foundation of the technique and highlight to 

prospects and limitation of using surface replicas. 

(iii) Prospective extension of the technique for the analysis of torn surfaces (e.g. plastic bags, 

tapes and fabrics). 

Our framework is also general enough to be applied, after suitable modifications to identification 

of the proper imaging scale, to a broad range of fractured materials and/or toolmarks, with diverse 

textures and mechanical properties. In doing so, we expect our novel methodology and findings to 

help forensic scientists and practitioners place forensic decision-making on a firmer scientific 

footing. This can help formalize the scientific basis for conclusive matching of fragments leading 

to quantitative and more objective forensic decisions. 
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2. PARTICIPANTS AND OTHER COLLABORATING ORGANIZATIONS 

2.1 Participants at Iowa State University 

2.1.1 Principal Investigators 

(i) Professor Ashraf Bastawros, Aerospace Engineering, developed the forensic relevant data set, 

designed and planned the testing matrix for fracture testing, fracture topography imaging 

and spectral analysis of the fracture surface. Prof. Bastawros was also responsible for the 

overall steering, management, and progress reporting of the whole project. 

(ii) Professors Ranjan Maitra and William Meeker, Department of Statistics, developed the 

statistical methodology for analysis of the fracture data sets. 

(iii) Professor Barbara Lograsso, Department of Mechanical Engineering, oversaw the sample 

generation, including material selection, heat treatments, and generating randomly 

fractured sets of samples. 

2.1.2 Graduate Students 

(i) HyeokJae Lee, Current PhD Graduate Student, Aerospace Engineering, generated forensic 

relevant fracture pairs and supervised the imaging process and spectral analysis. 

(ii) Joshua D. Berlinski, Current PhD Graduate Student, Statistics Department, development of 

the statistical analysis algorithms and performing comparison and statistical decision-

making. 

(iii) Bishoy Dawood, PhD 2021, Aerospace Engineering, generated forensic relevant fracture pairs 

and supervised the imaging process and spectral analysis. 

(iv) Carlos Llosa, PhD 2022, Statistics Department, development of the statistical analysis 

algorithms and performing comparison and statistical decision-making. 
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2.1.3 Undergraduate Students 

The following undergraduate students have worked on the project on sample imaging using 

confocal microscopy and performing spectral analysis of the fractured surface topology: 

- Jessica Dwyer (Mechanical Engineering) 

- Abdurrahman Moghram (Mechanical Engineering) 

- Kaiser Aguirre (Aerospace Engineering) 

- Austin Beckhardt (Aerospace Engineering) 

- Aidan Furley (Aerospace Engineering) 

- Mehmet Sefer (Aerospace Engineering) 

- Noah Schumacher (Mechanical Engineering) 

- Ryan Schiltz (Material Sciences and Engineering) 

- Tyler Chandler (Aerospace Engineering) 

2.2. External Collaborators 

John Vanderkolk, Retired Forensic Scientist, Indiana State Police Laboratory, 5811 Ellison Road, 

Fort Wayne, IN 46804. Mr. Vanderkolk reviewed our sample plans and provided input to 

the forensic perspective. He showed us the protocols used to review such data and 

comparisons. The PI’s communicate with John by email and phone conference calls on a 

quarterly basis and with semiannual demonstration and discussion. 

Lauren K. Claytor, Forensic Scientist Group Supervisor, Virginia Department of Forensic Science, 

700 N 5th St, Richmond, VA 23219. Ms. Claytor provided forensic sample set of hacksaws 

that were analyzied by forensic experts for comparison with the proposed statitical 

comparartive framework. She has overseen the generation of new samples set under 

releveant forensic environment. 
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3. OUTCOMES 

3.1 Activities/accomplishments 

The three major accomplishments have been reached under this grant. 

(i) Developed mathematical and algorithm framework to identify imaging scales for different 

classes of materials with intrinsic length scales (metal grain size) and without intrinsic length 

scale (amorphous plastics), identifying key variables, probability distributions, and 

quantification of different sources of variability. 

(ii) Performed a systematic study to different fracture scenarios under different loading scenarios 

(bending, twisting and combination) to achieve realistic forensic data set for fracture 

comparison. 

(iii) Performed a validation study on a fully documented consecutively fractured hacksaw sample 

set (Claytor and Davis, 2010)12 , provided by our forensic scientist collaborator and utilized for 

the validation study of fracture match using fracture surfaces topology. Identified key issues of 

3D microscopies of surface replicas. 

In the next section, we summaries the main finding with additional supplementary materials 

provided in Appendix S1 to provide additional information about the methods and materials. An 

R43-software package to perform the model fitting and analysis, MixMatrix, and code to reproduce 

the analysis and figures is available44 . 

3.2 Results and Findings 

In this work, we attempted to employ the understanding of the fracture topographical details, 

combined with statistics and machine learning to arrive at a comparison decision. Our focus is to 

identify the domain of unique individuality through spectral analysis of the fracture surface 
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topography and provide a quantitative analysis for match probability and the corresponding error 

rate that is required to be reported 2. Here, we will discuss some of the developed framework 

attributes, generalities and limitations. 

3.2.1 Imaging scale for comparison 

When comparing characteristic features on a fractured surface, identifying the proper 

magnification and FOV are critical. An optical image obtained by high magnification and a small 

field of view, will possess a visually indistinguishable characteristic. This is the range where 

surface roughness shows self-affine or fractal nature as noted on Figure 2(b). In this range, the 

material intrinsic local fracture mechanism show similar topographical surface features over the 

fractured surface (e.g. local cleavage steps and river patterns, and/or dimples and voids). On the 

contrary, employing lower magnifications will result in a lower power of identifying the class-

characteristics of the surface. However, we showed that the transition scale of the height-height 

correlation function captures the uniqueness of the fracture surfaces. We found that this scale is 

about 2-3 times the average grain size for the class of materials examined here and undergoes 

cleavage fracture. Interestingly, this scale is consistent with the average the cleavage critical 

distance for local stresses to reach the fracture critical stress stress34, 45 for cleavage fracture 

initiation, and typically extends to 2-3 times the grain size, or around 50–75µm for the tested 

material system. This critical microstructural size-scale for cleavage crack initiation is stochastic 

in nature as it statistically encompass the location of the critical fracture-triggering microscopic 

inclusion or particle34, 46, 48 . Accordingly, the surface characteristic becomes statistically unique 

and non-self-affine at a larger scale, where it is eclipsed by the interference of the fracture process 

zone length scale. This scale sets the (i) the observation FOV to around 10-periods of such scale. 
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And (ii) the range of wavelengths or frequencies to perform correlations on pairs of fragments. 

When correlating the frequency bands in the range of 5–20mm−1 (i.e. (50–200µm wavelength) full 

separation and clustering can be clearly observed in Figure 6 for matched and non-match fracture 

surface pairs. Furthermore, beyond this frequency range, the match and non-match correlations 

overlaps, as noted on Figure 7. The identified imaging scale (which should be established for each 

class of materials) coupled with the statistical analysis framework provides a promising 

quantitative forensic comparison for a wide class of materials. However, the ability to produce 

accurate 3D topographical representations of the fracture surface is critical for comparisons. Two 

main issues may pose additional problems for the technique. (1) The class of materials that exhibit 

cleavage fracture possess a relatively planar fracture surface within several hundred microns. The 

limitation here is having the imaging depth resolution in the sub-micron range for the entire surface 

topography range. If the fracture surface exhibits ductile-tearing with large tortuous zigzag-paths 

and topographical variation in the millimeter-range66 , additional mathematical treatments would 

be required, similar to comparison of cylindrical surfaces (e.g., cartridge cases)67, 68 . (2) Surface 

anomalies including grain fall-out and excessive corrosion will render lower fracture-pair 

correlations among matches, making the matching and non-matching classes less distinct. In such 

cases, a larger image set will be required in order to have the same power. 

3.2.2 Classification performance 

There are two datasets from the knives and two from the steel bars: “K-1-1” is the first set of 

images from the first set of knives (Figure S.1), and the imaging is independently repeated 

generating additional sets of images “K-1-2”and “K-1-3” for repeat analysis.“K-2” indicates the 

other set of knives, whereas “S-1” and “S-2” indicate the two steel bar samples (Figure S.2). 
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Figure 8: Log-odds of being a match split by training set and true class membership for matrix−t 
distributions with 3, 5, 10, 15, 20, and 30 degrees of freedom. A log-odds ratio greater 
than 0 indicates greater odds of being a match than a non-match. The predictions for each 
training set are on all four sets of surfaces. 

Figure 8 shows the classifications obtained by training on each of the four datasets, represented by 

one of the color boxes, with all 9 images per sample and classifying on all the other sets of surfaces 

using the matrix-variate t distribution and a common degrees of freedom parameter, ν = 3, 5, 10, 

15, 20, and 30, and prior probability of being a match of 0.5 (for example, training on the first set 

and testing on sets 2, 3, and 4, and continuing the same process with the other sets as the training 

set). The output (Table S1) given in terms of the log-odds of being a match—log-odds larger than 

zero (p = 0.5) indicate classification as a match. While initially there are no false positives or false 

negatives, as the degrees of freedom parameter (DF or ν) increases, there is one false positive, 

though this probability is very close to 0.5 and all of the true positives have a probability close to 
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1, which suggests using a classification threshold other than 0.5 would yield perfect classification 

in this set of data. A different threshold can be chosen by selecting a low probability (such as 10−4) 

as a probability of a false alarm and using the distribution of log-odds of the true non-matches to 

fix that threshold conservatively by selecting an upper confidence bound of that quantile69 . Using 

the upper 95% confidence bound for the threshold at which the false alarm probability based on 

the distribution of true negatives is 10−4 sets the threshold at a probability of 0.8814 for the most 

conservative training set at the setting of ν = 10, for example, which still results in perfect 

classification. Additionally, we may consider the probability in the range of 0.5 > P > 0.88 to 

bound the range of inconclusive decision. 

3.2.3 Reproducibility of results 

In order to determine the reproducibility of results for a given sample, we re-imaged one of the 

knife samples three times and examined the distributions of the true match image correlations in 

Figure 9. The different re-imaged sets are labeled “K-1-1”, “K-1-2”, and “K-1-3”. The means of 

the distributions (indicated by the large shapes) are similar and the covariance matrices, visualized 

using 99% confidence ellipses, are also similar. Using the two-sample Peacock test, a two-

dimensional extension of the Kolmogorov-Smirnov test70, 71 , there is no evidence these 

distributions differ significantly (H0: distributions are the same for 1 and 2, p = 0.21; H0 for 1 and 

3, p = 0.32; H0 for 2 and 3, p = 0.25). We conclude that the imaging and analysis processes are 

reproducible for the analyzed samples. 
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Figure 9: Individual true match correlations for three repetitions of images of the K-1 set of 9 
knives and with 9 images per knife. The similarity among the three distributions 
demonstrates that similar results will be obtained upon re-imaging the same surface, which 
is important in forensic applications. The large dots indicate the means of the sets, and the 
ellipses are 99% tolerance ellipses, which provide a representation of the covariance 
matrices. 

3.2.4 Selecting degrees of freedom, DF () 

The training sets do not have a sufficient number of observations in both classes to estimate ν in 

the MxVt model. However, the analysis in the previous section indicates it has some influence on 

the results. We performed a leave-one-out cross validation (LOOCV) procedure to provide 

guidance about the effects of changing the parameter. For each surface in a training set, a model 

was trained on the set of observations excluding that surface and tested on the observations using 

the excluded surface. This was done for k = 9 images on training sets S-1 and S-2 and using k= 5 

images (restricting to the images with only 50% overlap) and k = 3 images (restricting to the non-

overlapping images) on all four training sets. The procedure was performed only on sets S-1 and 

S-2 for k = 9 because nine surfaces are needed to fit the model and K-1-1 and K-2 have only nine 

fracture pairs, while S-1 and S-2 have ten fracture pairs. Figure 10 shows the results for k = 3, 5, 
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and 9 respectively. The parameter ν varied from 3 to 30. In all cases, the true matches and true 

non-matches were perfectly classified using a threshold probability of 0.5 (log-odds of 0). Higher 

values of ν had more separation between the classes. Using 9 images with 75% overlap had greater 

separation than 5 images with 50% overlap and greater separation between the identification of 

true matches. However, given that there is perfect classification in all cases, this finding does not 

provide much guidance on the selection of ν. 

Figure 10: Cross-validation results for models fit using k = 3, 5, and 9 images of each surface. The 
cross-validation was done to provide guidance about the number of images and the choice 
of DF (ν). There were no false positives or false negatives in this analysis, so it did not 
provide any conclusive results. 

3.2.5 Required number of images for discrimination and model selection 

Due to the existence of topographical disturbances in some images (e.g., grains fall out from the 

fracture surface or substantially large out-of-plane curvature within the range of comparisons), 

there is not perfect separation between all image pairs for the matches and non-matches. This can 

be seen in Figure 6 where some image pairs have a correlation coefficient of less than 0.50 for the 
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two bands of frequency analysis. To mitigate the influence of local topographical disturbances 

when deciding whether a pair of fragments represent a match or not, multiple observations are 

needed. To determine how many images are needed to optimize classification performance, we 

started by training models using all nine images from each base-tip pair in each training set as 

before. We again used the MxVt model with  = 3, 5, 10, 15, 20, and 30, and then tested them on 

subsets of consecutive overlapping images of size k, for k = 2, 3, . . . 9 with the model reduced to 

considering only the selected images and the training set for each model excluded from testing. A 

summary of the complete results are given in the Supplement Section S.4. 

Figure 11: Rates of false positive and false negative classifications (in %) using models trained on 
the four different sets of surfaces and tested on consecutive subsets of those images for k = 
2, 3, . . . , 9. 

In Figure 11, models with higher  have higher false negative rates for all values of k. For 

values of k over 4, only 20 and 30 DF have false negatives (specifically, they each have one false 

negative result). Low values of the degrees of freedom parameter have false positives. All of this 

suggests that choosing a value near  = 10 and k ≥ 5 images is sufficient for error-free classification 

in the sample sets. Figure 12 displays complete results for a model with 10 DF. As k increases, the 

typical classification results become more separated. However, even with only two images 
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considered in the test cases for the 10 DF model, the accuracy is very high. The worst case of a 

false positive is classified with only a probability of 0.8314. The worst case of a false negative is 

classified with a probability of 0.504. Again, this is the range of match probabilities where an 

inconclusive match result could be assimilated for 0.5 > P > 0.88 as noted in Section 3.2.2. 

3.2.6 Percentage of overlap between images 

Guided by the results of Figure 12, it is apparent that we need at least 5 to 6 images for error-free 

discrimination in this particular example, and that performance improves with additional images. 

We reassessed the imaging procedure to gauge the role of the image-overlap ratio. The initial 

experiment involved imaging surfaces using nine images with 75% overlap between images, which 

provides three observations for each point on the surface, apart from the edges. However, a similar 

area can be imaged using 5 images with 50% overlap, which produces two observations of each 

point on the surface apart from the edges, or using 3 non-overlapping images, which raises the 

question of whether anything is gained by having an additional third image of the same area and, 

if so, what level of overlap is best. 

Figure 12: Distributions of the log-odds of a match using models trained on the four different sets 
of surfaces and tested on subsets of k consecutive images for k = 2, 3, . . . , 9 for a model 
with 10 degrees of freedom. 
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We can evaluate this by providing an analysis similar to that done previously: looking at 

the classification results when restricted to cases with the specified overlap. We train classifiers 

on the same sets as before, except using 5 images with 50% overlap instead of 9 images with 75% 

overlap and then test the models on the other sets excluding the set used to train the model by 

classifying pairs of surfaces using all possible subsets of those images on the surface of sizes 2, 3, 

4, and 5. When restricted to the case of 50% overlap, there is only perfect classification when all 

four or five images are included and the degrees of freedom parameter () is less than 20 (Figure 

13). In all cases, there are no false negatives. 

Figure 13: Rates of false positive classifications (in %) using models trained on the four different 
sets of surfaces using only the images with at most 50% overlap and tested on subsets of k 
consecutive images for k = 2, 3, 4, 5 and using only the 3 non-overlapping images and 
tested on subsets of k consecutive images for k = 2, 3. A full summary of the results are in 
Tables S2 and S3 of the Supplement. 

We perform a similar exercise in the case of the non-overlapping images. There are three 

non-overlapping images per surface which can be used to train the classifiers and the models can 

then be tested on subsets of those images on each surface of sizes 2 and 3. In the case of non-

overlapping images, no model results in perfect classification. The false positives for each model 

are also shown in Figure 13. There are no false negatives in the classification decisions. 
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This suggests that, while having more images is generally better, using 5 images with 50% 

overlap appears to be sufficient if all the images are used. Imaging the entire surface with 50% 

overlap outperforms imaging the entire surface with 75% overlap in the sense that it works for all 

of the classes of model. However, if training with 9 images with 75% overlap is possible, testing 

on new surfaces is feasible with as few as 5 test images with an appropriate choice of the degrees 

of freedom parameter in the model. 

3.2.7 Calibration of output probabilities 

The models present the outputs as probabilities; therefore we need to assess how well the 

probabilities in the models reflect the underlying probabilities in the matching and non-matching 

populations. Figure 14 displays a calibration plot comparing the output probabilities for all 

predictions to the empirical proportions in each class with a line drawn by a local regression 

smoother (LOESS) for each model72, 73. These predictions can be compared to the reference line 

on the plot, y = x, to judge the calibration. The true matches correspond with y = 1 and the true 

non-matches with y = 0. The vast majority of the model classifications are correct with 

probabilities of being a match of either < 0.001 for non-matches or > 0.999 for matches. The 

relative lack of samples in the middle range makes it hard to judge the calibration. The lowest 

probability of a match among the true matches was 0.3709. Among the various models, the 99th 

percentile of the predictions for non-matches was, in the worst case, 0.1437. Only outliers 

overlapped in middle range. We note that our evaluation of the calibration is limited by the sample 

size in the experiment—with more samples and more observations with match probabilities 

between 0.1 and 0.9, a better evaluation of the calibration could be made. 

34 

This resource was prepared by the author(s) using Federal funds provided by the U.S.  
Department of Justice. Opinions or points of view expressed are those of the author(s) and do not 

necessarily reflect the official position or policies of the U.S. Department of Justice.



 
 
 

 
                

               
                         

    
 
 

          

                

               

               

                    

                  

               

                

                

                 

                 

                

                 

                
               

              
    

          

                

               

               

                    

                  

               

                

                

                 

                 

                

                 

 

Figure 14: A calibration plot of all the predictions from the various models and the empirical 
proportions with a LOESS smoother for each model. The lines should be compared to the 
diagonal reference line. Matches are indicated at y = 1 and non-matches are indicated 
at y = 0. 

3.2.8 Examining the framework capabilities on a twisted-fracture knife set 

All examined sets of fractured articles were tested in tension or bending. This is mode-I cleavage 

fracture where the crack propagation direction is normal to the loading axis. The fracture surface 

showed topographical features normal to the fracture surface, similar to those shown in the SEM 

image of Figure 3(a). However for a general forensic article such as a knife or a pry tool, an edge 

could be broken due to bending and twisting of the article. This would impose a mixed mode of 

loading including mode-I opening and mode-III twisting of a crack. To understand the effect of 

external loading mode on the generality of the proposed analysis framework, a set of nine knives 

from the same manufacturer similar to the previously used sets were fractured at random using the 

same fixture shown in Figure S1(b) and forming set of twisted knives shown in Figure S1(e). A 

typical twisted knife fracture topology is very different at both the macro and micro scales. At the 

macro scale, the crack trajectory is no longer planer with curvilinear or twisted trajectory as those 

shown in Figure S1(e). At the micro scale, the SEM image of Figure 3(b) shows twisted topology 
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in the plane of the crack that is very different from those of mode-I loading. This unique texture 

would probably further enhance the individuality of the fracture surface. We will attempt to 

examine the validity of the analysis protocol on such general case of fractured articles. The twisted 

knife set was imaged using the same procedure discussed in Section 1.3.4 and the same 

magnification of 20X. However, due to the excessive tortuosity of the crack path, five images (k 

= 5) with 75% overlap between adjacent images were employed. Using the models previously 

trained on the four training sets loaded in tension or bending, and restricted to 5 images and setting 

the degrees of freedom  = 10. 

Figure 15: A plot of the classification results for a generality verification data set of nine knives 
broken by twisting with five images per surface. The models were trained with on different 
training bending and tensile fracture sets using five images with the degrees of freedom 

setting  = 10. 

The results for this set, shown in Figure 15, are similar to those obtained in Figure 8 despite the 

use of a different external loading of mode-I tensile cleavage fracture. The true match cases where 
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identified with probability exceeding 99.999% and the true non-match were identified with 

probability not exceeding 0.05% for all the different training sets. This suggests the scale of 

comparison, derived from the self-affine saturation scale of the fracture surface topology is more 

general and tied to the microstructure scale (grain size) for hardened tool materials failing by 

cleavage fracture. This result is far more reaching. 

3.2.9 Assessment of cast replica effectiveness in topological mapping 

Figure 16: 3D topological analysis of pair of fractured surfaces, Base-Tip pair, and a Tip-replica. 
(a) Optical micrograph and color rendering of the topological fracture surface. Base and 
Tip show mirror images with each other, while the Tip and its replica show mirror images 
with each other (b) 3D topological representation of the fracture surface, utilizing a 640 
µm Field of View for the square inset area on the optical image. (c) 2D representation of 
the height comparison along line A-A showing the original measured height (top) and the 
corresponding long-wavelength (middle) and short-wavelength (bottom), utilizing 
spectral decomposition by Fourier Transform Analysis. The low-frequency topological 
details are the same, while the high-frequency ones are quite different. 
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Our focus also is on examining the potential of cast replicas, shown in Figure 16, to transfer all the 

topological details required for the analysis at the proper magnifications. The classification model 

was applied to three sets of pairs of surfaces: the original Bases with Tips, the Bases with the Tip 

replicas, and the Tips with their replicas. Figure 17 shows the posterior probabilities of match 

obtained on the three sets of surface pairs in the log-odds scale. Larger posterior log-odds indicate 

more evidence that a surface pair is a match, whereas lower log-odds indicate more evidence that 

a surface pair is a non-match. Utilizing the t-distribution with 5 degrees of freedom provides great 

confidence in the discrimination power of the proposed comparison and statistical analysis 

frameworks. The model classified the three cases with ten pairs of true matches and the 90 pairs 

of true non-matches with zero false negatives and zero false positives. That is, there are a total of 

30 pairs of true matches and 270 pairs of true non-matches. The 90 replicas show a high probability 

of match when compared to the original fractured surfaces. This high accuracy exists for both 

original Base-Tips, replicas-Bases, replicas-Tips, although the replicas were cast on the surfaces 

of the tips only. This demonstrates the replicas’ ability to capture the relevant features that are 

important for discrimination. Furthermore, for the true match group, the lowest posterior 

probability was higher than 0.9996, while the highest posterior probability for the true non-match 

was less than 0.005. The stark difference between the match and non-match probabilities highlights 

the strength of using the physical basis of fracture mechanics to guide the imaging procedure and 

construct the statistical discrimination framework. 

Figure 18 summarizes the results for the replication capacity of the silicone replica 

technique for all the frequency bands in the range of 3-200 mm-1 or the corresponding wavelength 

of 333-5 m, respectively. The correlation means are shown for each of the comparison bands 

along with 95% bootstrap confidence intervals for both the matches and non-matches for the 
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Figure 17: Posterior log-odds of being a match using a model trained on a separate set of images 
from the same surfaces and tested on the pair of surfaces of base-tip, replica-base, and 
replica-tip. Higher values indicate stronger evidence of match. 

Figure 18: Mean correlations obtained from the comparison between the Tip and its replica along 
10 frequency bands and to both matches and non-matches, and for both the filtered and 
non-filtered FFTs. The matching correlations decrease with increasing frequency bands 
while still being distinctively different from the non-matches until it reaches frequency 
bands higher than 100 mm-1. 
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original FFTs along with the filtered FFTs. Figure 18 shows that with increasing the frequency 

bands (i.e., reduction of the wavelength in real space), the matching correlations between the Tip 

and its replica decay in magnitude and spread. Furthermore, the correlations obtained from the 

filtered FFTs show increased correlations in both the matches and the non-matches. While we are 

asking too much from the discrimination framework, however Fig. 18(a) shows that the match 

correlation remains around 0.4-0.5 for a high frequency of 100mm-1 or a short wavelength of 

10m. This result gives confidence that replicas can still reliably reproduce wavelengths down to 

the micron ranges. However, such a range needs additional investigation with a smaller field of 

view (FOV) and a master surface with well-defined micron range features. One more issue that 

should be noted at large wavelength, greater than about a fifth of the imaging window size. Figure 

18(a) shows a slight drop in correlation at the 3-5mm-1 frequency band when compared to the 5-

10mm-1 frequency band. This is a limitation of the discretization process wherein the resolution 

per frequency line is 1.56 mm-1, which will provide a very limited number of data points (about 7) 

in the 3-5mm-1 band. A larger FOV at the same magnification would be required to refine the 

frequency band lines and resolve these long-wavelength limitations. 

This analysis provides two significant results. First, the analysis supports the developed 

classification procedure. It shows how replicas are effectively capturing the surface fractures along 

wavelength topological details in the range of the two frequency-band analyses of 5-10 and 10-

20mm-1, which corresponds to 200-100 and 100-50m wavelengths. The topological features at 

these length scales are unique and helpful for distinguishing between matches and non-matches. 

Second, the analysis shows the ability of the replica to faithfully replicate fracture features with 

wavelengths all the way to the 25m range. For forensic comparison, the replicas are well suited 

for mapping features of 20 m and larger. It can be assertively stated that the replicas effectively 
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distinguish between matches and non-matches in low frequency ranges, and they stop being 

distinctively different for frequency above 100 mm-1, where the micro-features of the local fracture 

processes that are common to both the matches and non-matches are compared. 

3.2.10 Examining Proficiency Sample Set (Claytor, 2010) 12 

Figure 19: Proficiency sample set, provide by our forensic collaborator12 . (a) Physical fit of two 
edges (b) Direct comparison of fractured edge and its replica. (c) Discrimination analysis 
framework results for posterior probability for 11 pairs of Match and 220 cases of non-
match cases. 

The fractured surfaces of Figure 19(a) correspond to a validation study performed by 

Claytor and Davis, 2010,12 where the proficiency of forensic examiners to correctly associate 

matching and non-matching fracture pairs was studied. In their study, consecutively manufactured 

hacksaw blades were fractured in 11 locations each, resulting in 22 fracture surfaces and 231 pairs 

of fracture surfaces per blade. These fractured hacksaw blades along with laboratory-generated 

silicon replicas were analyzed by forensic analysists across multiple forensic science centers. Each 
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test was validated by firearm and toolmark trainees who had completed seven to eight months of 

toolmark training, including a fracture match proficiency test at the Virginia Department of 

forensic and who had an average of 12.4 years of qualified experience. Out of the 173 responses 

received, 157 were correctly classified, indicating a 91% accuracy (true classification rate). 

In our study we examined the proficiency of our developed quantitative matching 

framework by applying the classification method to one of the fractured hacksaw blades used in 

Claytor and Davis, 2010. 12 This classification algorithm is trained based on cross-validation (such 

that the material composition is the same for both testing and training datasets), and we will 

separately train the classification model on a data set of fractured metal rods that are of a different 

material but with similar fracture topology. In both cases, the quantitative classification 

frameworks results in 100% accuracy. 

In Figure 19(b) we observe a boxplot of the posterior probabilities (in the log-odds scale) 

that corresponds to the 231 pair surface pairs that result from the 22 fracture surfaces (11 matching 

pairs and 220 non-matching pairs). Furthermore, in Figure 3 we have boxplots for different training 

techniques: cross validation training (such that the training and testing datasets correspond to the 

same hacksaw blade material) and metal rod training data (such that the training and testing 

datasets correspond to dissimilar materials with similar fracture-surface topology). In all cases the 

matching and non-matching groups are largely separated, indicating perfect classification. The 

minimum matching probabilities are 0.99998 for cross-validation training, and 0.999994 for the 

metal rod training, whereas the maximum non-matching probabilities are 0.019 for cross-

validation training and 0.0087 for metal rod training. This implies that any threshold between 0.019 

and 0.99998 would result in perfect classification in all cases. Moreover, from Figure 19 we 

observe that both training methods result in boxplots with exceedingly high overlap, indicating 
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that both training methods result in remarkably similar classifications. This is a strong result, as it 

shows that training and testing do not need to occur on the same material but can be used between 

dissimilar materials if they have similar fracture-surface topologies. This is relevant in scenarios 

where it is hard or expensive to obtain training data for a specific type of fracture material. In these 

cases, one can obtain training data from a different material if their fracture-surface topologies 

contain relevant individualizing features at similar length-scales. 

3.3 Limitations 

Our results suggest that for the class of materials that undergoes cleavage fracture, a single robust 

training data set under simplified loading conditions would be sufficient to help in discriminating; 

(i) articles that were exposed to complex external loading (i.e. mixed mode of fracture). (ii) Articles 

from different classes of materials, but share the same grain size distributions, and (iii) articles 

with different grain sizes would only require changes of the FOV to include 20-grain diameter and 

comparison frequency bands corresponding to the 2–4 and 4–8 grain size ranges. 

Challenges to this technique arise from high topographical details with a large aspect ratio 

that might shadow the surrounding details, and might disturb one of the frequency bands. 

It is also conceivable to extend these results to glassy metals, polymers and ceramics, that 

undergoes cleavage and/or brittle or semi-brittle fracture. In such cases, the limits of the fractal 

scale should be examined and compared to the critical microstructure scale of the fracture surface 

topology, such as river and herringbone patterns. Though, additional experimental verification are 

needed for these classes of non-crystalline materials. 
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4.2 Data Sets 

1. An R43-software package to perform the model fitting and analysis MixMatrix, is available44 . A 

GitHub repository containing the data and the code to reproduce the figures and analysis for 

the submitted paper to Nature Communications, at https://github.com/gzt/fracturematching. 
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2. TopologyMatcheR; an R-package software and data set archival at GitHub; 

https://github.com/carlos-llosa/TopologyMatcheR for Dawood, JOFs 2022 paper for 

identifications of 10-pairs of fractured articles and their casted replicas. Five sets of text-files 

“.CSV-formatted” are added as reduced input data sets for the correlation coefficients for the 

range of examined frequencies of 5-200mm-1 for each of the six image-pairs of each fracture 

surface pairs. These are the input data, which can be used with the program. These file data 

files include: 

(i) A3-corrs.csv Correlation coefficients for a set of 10 fractured pairs of metallic articles of 

similar grain size range. This is a master calibration set, acquired by a well-trained operator 

and used for training the comparison algorithm. It has 600 entry; 60 matches (10-pairs x 6-

images per pair) and 540 unmatched entry (for every matched pair of surfaces, there are 9-

other possibilities of unmatched combination, resulting in 10 pairs x 9 combinations x 6images 

per pair). 

(ii) base-tip-corrs.csv Correlation coefficients for pair of fractured base-tip surfaces. 

(iii) replica-base-corrs.csv Correlation coefficients for pair of fractured base and replica of the 

tip surfaces. 

(iv) replica-tip-corrs.csv Correlation coefficients for pair of fractured tip and its replica 

surfaces. 

(v) 3crossavg-replica-tip-corrs.csv Correlation coefficients for fractured tip and its replica 

surfaces after applying the average kernel on the original FFT spectra of each surface. 

3. Berlinski, J. et al., 2023. “Matching pairs of bending fractured samples,” an archive of the 

entire data set for 10 pairs of bent fracture samples/ Each fracture pairs has six pairs of 

overlapping images. doi:10.25380/iastate.23947302.v1 
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https://iastate.figshare.com/articles/dataset/Matching pairs of bending fractured samples/23947302 

4. Berlinski, J. et al., 2023. “Matching pairs of tensile fractured samples,” an archive of the entire 

data set for 10 pairs of tensile fracture samples/ Each fracture pairs has six pairs of overlapping 

images. doi:10.25380/iastate.23929215.v1 

https://iastate.figshare.com/articles/dataset/Matching pairs of tensile fractured samples/23929215 

4.3 Dissemination Activities 

1. Bastawros, A., 2023. “Physical Match Analysis Utilizing 3D Microscopy of Fractured Surface,” 

Seminar and discussion, Virginia Department of Forensic Science, March 21, 2023. Dr. 

Bastawros spent over two hours discussing his technique, development framework and 

findings. Dr. Bastawros fielded questions from 10 forensic scientists from across the State of 

Virginia. 

2. Bastawros, A. and Maitra, R., 2022. Developed a full session on “Collaborative case study: 

Engineering and statistical models for error quantifications in comparative 3D microscopy for 

physical match analysis,” during the Conference on “Statistical Methods in Imaging 2022,” 

VANDERBILT UNIVERSITY MEDICAL CENTER, May 25-27, 2022 

https://www.vumc.org/biostatistics/SMI/Maitra 

Three Consecutive talks were given by the PIs on: 

(a) Fracture matching: A historical perspective and a path forward in forensic science, 

Lauren K. Claytor, Virginia Department of Forensic Science. 

(b) Fracture matching: Role of fracture mechanics on setting the comparison scales, Ashraf 

F. Bastawros, Iowa State University. 

(c) Quantitative matching of forensic evidence fragments using fracture mechanics and 

statistical learning, Geoffrey Thompson, Indiana University 
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5. APPENDICES 

S.1 Details on Sample Generation and Imaging 

Two main material classes are considered: two sets of nine single serrated edged knives from the 

same manufacturer (Chicago Cutlery), and two sets of ten rectangular (0.25" wide, and 1/16" thick) 

rods of a common tool steel material (SS-440C) cut from the same metal sheet to minimize any 

variability from the manufacturer. The knives were fractured at random using a controlled bend 

fixture shown in Figure S1(a). A set of fractured pairs of knives is shown in Figure S1(b). The two 

sets of the tool steel rods were loaded under either controlled tensile loading at 1mm/min 

displacement rate (Figure S2(a)) or controlled bending loading at 1.5 mm/min displacement rate 

(Figure S2(c)) until fracture. The pairs of tool steel samples fractured by tension and bending are 

shown in Figure S2(b, d), respectively. The average grain size for both groups was approximately 

dg = 25–35μm. For clarity, we refer to the surface attached to the knife handle as the base and the 

surface from the top portion of the knife as the tip. The same terminology was applied to the tool 

steel samples as well. 

Figure S1. Knife-breaking protocol. (a) Loading fixture. (b) Pairs of knives from the same 
manufacturer fractured by bending. 
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Figure S2. Sample generation protocol. (a) sample fracture under a controlled tensile loading, (b) 
pairs of steel samples fractured by tensile loading, (c) sample fracture under three point 
bending loading, (d) pairs of steel samples fractured under bending. 

S.2 Imaging, Processing and Alignments 

The microscopic features of pairs of fracture surfaces were aligned and analyzed by a standard 

non-contact 3D optical interferometer (Zygo-NewView 6300), which provides a height resolution 

of 20 nm. At the utilized magnification of 20X, defined from the scale of the transition from the 

affine deformation (Figure 2(b)), a spatial inter-point resolution of 0.55μm was achieved to record 

topological surface heights similar to Figure 2(a). A series of k－overlapping surface height 3D 

topographic maps were acquired for each pair of fracture fragments as shown in Figure 3. After 

acquiring each topological image, standard digital image processing were applied through a 3 × 3 
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or 5 × 5 averaging window kernel to (a) fill missing data, and (b) remove digital noise that is above 

two standard deviation from the mean of the window. A mathematical Hann filter with 10% edge 

smoothing ratio was applied to the each topological image to provide a periodic boundary for the 

image edges. The FFT operator was applied to each image to generate the corresponding 

frequency-space representation and the image spectral contents. Correlations of the selected 

frequency bands were carried out for the model development and decision-making corresponding 

to those shown in Figure 4. 

Alignments of pairs of images for the comparative analysis is a critical issue for the 

generality of the technique, especially when there is a lack of clear reference to start the 3D 

topological imaging from. The case of circular object like a bullet casing would require additional 

angular alignment of the images, either physically or computationally before taking the FFT 

spectra for the comparative analysis. For the rectangular objects or knives with clear edges studied 

in this work, the specimen edges naturally rendered a reference coordinate. We utilized the sample 

edge as our reference and aligned the edges with the imaging field of view of the microscope. Then 

we moved a predetermined distance in the planner x－ and y－coordinates to start the imaging 

sequence. In general, one may identify three types of miss-registration that can greatly affect the 

correlation estimations between a pair of images. Some of the alignment issues that affect the 

utilization of virtual comparison microscopy are: 

1. Planner misregistration in the x－ and y－coordinates. The planar alignment is critical when 

comparing the images in their spatial (real) space, wherein an auto correlation must be utilized 

to adjust the planar miss-registration. However, the implemented procedure in this work to 

utilize the spectral (frequency) space is tolerant to planar miss-registration of up to 20% of the 
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field of view. Actually, we have examined different planar miss-registration up to 400% of the 

FOV, and we found that the correlation will degrade by about 10% for up to 50% shift for the 

FOV. 

2. Angular misregistration within the plane observation (fracture plane). This is more critical when 

considering a series of overlapping k－images, wherein the last image-pair might have much 

less of an overlap due to angular separation. For our work, this was not an issue as we were 

studying fragments with good references for alignments. Beyond the presented work in this 

manuscript, we are implementing an aliment technique using the frequency spectra on angular 

trajectories within the two comparison bands to correct for angular misregistration that would 

maximize the correlation coefficients for an image pair. For a set of k－image pairs, the miss-

registration angle is optimized to maximize the correlation coefficient over the entire k－image 

pairs on a pair of fracture surfaces. This process is conducted for pairs of fragments, regardless 

of their classification as true match or true non-match. 

3. Fracture plane tilt: This is the case with a very tortuous fracture surface, especially for semi-

brittle or ductile articles. In such case of tortuous path, the topological details of the surface 

will have high aspect ratio that might eclipse/shadow other features. Furthermore, if large 

plasticity exists on the surface and the surface topology changes within several hundred 

microns with non-planer mean, the 3D topological imaging process would be much harder and 

additional mathematical treatment would be required, similar to comparison of cylindrical 

surface (e.g. cartridge cases). 
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	1. SUMMARY OF THE PROJECT 
	1. SUMMARY OF THE PROJECT 
	1.1 Project Goals and Objectives 
	1.1 Project Goals and Objectives 
	This fundamental and applied research proposal provides the scientific and quantitative paradigms for forensic comparative analysis of fractured and torn metal and plastic objects, utilizing three-dimensional (3D) digital representations of their fractured surfaces and their replicas. An integrated validation study will be conducted on sequentially broken hacksaw blades and their topological replicas. The methodology utilizes 3D spectral analysis of the fracture surface topography, mapped by 3D microscopy (
	-

	The proposed framework will assist the examiner by providing analytical and statistical support for his/her decision, by estimating with confidence bounds the probability of a true match, helping to arrive at a quantitative match decision. Our methods will use statistical learning tools trained on databases of both matches and non-matches. 
	Successful advancement of the proposed technique has the potential to provide a new investigative machine-based analysis with quantified error probabilities that can be applied in performing physical matches for a variety of materials. This research will be conducted in response to the NIJ’s expressed need for expanding knowledge underlying forensic science, and in collaboration with forensic scientists working in forensic laboratories. 
	Figure

	1.2 Research Questions 
	1.2 Research Questions 
	Fractured fragments with rough and irregular surfaces, found at crime scenes, are recognized as “being a match” using comparative microscopy and physical pattern analysis. We utilized the surface topography of the fractured fragments, measured by 3D microscopy to provide a quantitative basis for declaring a match with quantified probability and error rates. We set the comparison scale to capture the transition of fracture surface topography to become non-self-affine (surface roughness independent of observa
	Fractured fragments with rough and irregular surfaces, found at crime scenes, are recognized as “being a match” using comparative microscopy and physical pattern analysis. We utilized the surface topography of the fractured fragments, measured by 3D microscopy to provide a quantitative basis for declaring a match with quantified probability and error rates. We set the comparison scale to capture the transition of fracture surface topography to become non-self-affine (surface roughness independent of observa
	offers a foundation for establishing the uniqueness of forensic comparisons. The performance of our statistical learning methodology is tested on a robust training data set and validated on a set of thirty-eight different broken pairs of either knives broken in bending, or stainless steel rods with similar grain sizes, broken in tension or bending. The efficacy of the framework under different modes of loading is examined by application to a set of 9-twisted knives to failure. All broken pairs were classifi

	Figure

	1.3 Research Design, Methods, Analytical and Data Analysis Techniques 
	1.3 Research Design, Methods, Analytical and Data Analysis Techniques 
	1.3.1 Introduction 
	Consider the example of a crime scene where investigators have found the tip of a knife or other tool, which appears to have broken off from the rest of the object. Later, investigators recover a base that appears to topographically match and they wish to show that the two pieces are from the same knife in order to use that evidence later at trial. To this extent, the analyst comparison relies on subjective pattern recognition methodologies. Scientific testimony used in a criminal or civil trial must be “no
	Figure
	[M]uch forensic evidence—including, for example, bite marks and firearm and tool-mark identification—is introduced in criminal trials without any meaningful scientific validation, determination of error rates, or reliability testing to explain the limits of the discipline.However, it should be noted that a considerable amount of prior work has been done to provide a quantitative and scientific basis for firearm and toolmark identification, for example, with the consecutive matching striae (CMS) method.The r
	2 
	3–5 
	6 
	7

	In the current framework, we focus on fracture matching, the forensic discipline of determining whether two pieces came from the same fractured object. The fracture mechanisms leave surface marks on both surfaces that could be utilized for matching fragments. Current forensic practice for fracture matching visually inspects the complex jagged trajectory of fracture surfaces to recognize a match using comparative microscopy and tactile pattern analysis, where macro-features on a pair of fracture fragments ar
	8, 9
	10, 11 
	12 
	2

	Figure
	It is therefore desirable to develop more objective methods using quantitative measures that can be validated with less human input for use in a criminal or civil trial. Here we propose to employ the fractal character of the topology of the fracture surfaces and their transition to become non-self-affine (self-affinity means scaling of the roughness with the observation window) with unique roughness characteristicto define the suitable comparison scale and also develop the supporting statistical methods to 
	It is therefore desirable to develop more objective methods using quantitative measures that can be validated with less human input for use in a criminal or civil trial. Here we propose to employ the fractal character of the topology of the fracture surfaces and their transition to become non-self-affine (self-affinity means scaling of the roughness with the observation window) with unique roughness characteristicto define the suitable comparison scale and also develop the supporting statistical methods to 
	13 
	8, 14 
	8, 14 
	-
	15–30 

	branches due to the randomness of the microstructure and grain sizes, with limited prior attempts to quantitatively match two measured fracture surface topographies. The fracture surface topography contains many unique features over a wide range of length scales, which generally provide substantial information on damage initiation and propagation. 
	10, 31
	12, 17 


	Figure
	The material microstructure controls the micro-mechanisms of fracture and the microscopic crack growth path, while the loading direction sets the macroscopic crack trajectory. Mandelbrot et al.first showed the self-affine nature of fractured surfaces and relating its roughness via the exponent characterizing the scale invariant properties ‘fractal dimension’ to the material resistance to fracture. The self-affine nature of the fracture surface roughness has been experimentally verified for a wide range of m
	32 
	13 
	33–37 
	38 
	34, 39, 40 
	34, 41, 42 

	Figure 1: Association of forensic fragments. (a) Visual jigsaw match of the macroscopic crack trajectory at the typical examination scale. (b) Physical pattern match with comparative microscopy, with analyst focusing on macroscopic topological features. (c) 3D representation of fracture surface, showing detailed topographic features at the relevant comparison scale (∼ 20 grains), utilized in current work. 
	Figure
	We first present an overview of the method and the study objectives. Then we describe the sample generation method and the imaging process used to create training and forensically relevant data sets. We then provide a description of the statistical model, which discriminates the matching fracture surfaces from the non-matching surfaces. 

	1.3.2 Project Overview and Research Design 
	1.3.2 Project Overview and Research Design 
	Our objective is to find the scale of distinctive features on a fracture surface with unique roughness characteristics, and then create a statistical method, which uses the features to match a pair of fragments in a way that is suitable for use as evidence in a crime scene. Motivated by the observations about the self-affine nature of fracture surfaces, it can be speculated that a randomly propagating crack will exhibit distinctive fracture surface topographical details when observed from a global coordinat
	shown in Figure 2 using a height-height correlation function,  h x 
	h(x   x)  h(x)2 , x 
	where the  operator denotes averaging over the x-direction. We see that at the small length 
	Figure
	Figure

	x 
	scale of less than 10–20 µm, the roughness characteristic is self-affine (i.e. proportional to the analysis window scale). However, at larger length scales (> 50–70µm), this characteristic deviates 
	scale of less than 10–20 µm, the roughness characteristic is self-affine (i.e. proportional to the analysis window scale). However, at larger length scales (> 50–70µm), this characteristic deviates 
	and reaches a saturation level, highlighting the individuality of the surface topography at such an observation scale. For the examined class of materials with average grain size of approximately dg = 25–35 µm, this scale is found to be about two grain-diameters. Dauskardt et al.have examined the topography of a wide range of brittle failure of well characterized mild steel at extremely low temperature, and observed two ranges over which the fractal dimension is constant. The first range is 1-10microns corr
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	Figure
	It is important to note that the reported fractographic details are reported for mild steel, examined at extremely low temperature, below the ductile to brittle transition temperature (DTBTT) of (−95C), where fracture occurs before general yielding due to slip-induced cleavage. 
	o

	Figure
	Figure
	Figure 2: Fracture surface characteristics. (a) 3D surface topography rendering of fracture surface, showing a biased orientation of the low-frequency texture of the fracture surface. The direction of crack propagation is along the x-axis. (b) Height-height correlation variation with the size of the imaging window, showing the domain of the self-affine deformation and the deviation of the fracture surface characteristics at higher length scales ( > 50– 70µm), which could be used for matching purposes. 
	For the current examined alloy of AISI 440C stainless steel, a common alloy for cutlery and knives, the alloy has up to 1.2% carbon content in order to make the alloy hard and remains sharp. Such carbon content also shifts the DBTT to be above the room temperature. Accordingly, it is no surprise that the examined alloy in the form of rods of knives at room temperature show similar fractal character to mild steel alloys tested below their DTBTT . 
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	Furthermore, it is also important to note that the requirement of local stress ahead of a crack to exceed the fracture stress over a microstructurally significant distanceshould be viewed in statistical terms. The characteristic dimension represents the location the weakest link for the fracture process to occur. The cleavage fracture process-zone is statistical in nature, as a finite volume of the material ahead of the crack tip should include a local defect to nucleate cleavage crack. This very critical a
	Furthermore, it is also important to note that the requirement of local stress ahead of a crack to exceed the fracture stress over a microstructurally significant distanceshould be viewed in statistical terms. The characteristic dimension represents the location the weakest link for the fracture process to occur. The cleavage fracture process-zone is statistical in nature, as a finite volume of the material ahead of the crack tip should include a local defect to nucleate cleavage crack. This very critical a
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	surface. Two nominally identical articles from the same material lot might show very different toughness (resistance to fracture) and failure strength values. By extension, we speculate also that such statistical differences will result in different local fracture surface topology because of the statistical randomness of the microscopic spatial location of the critical fracture-triggering particle. Susceptibility of cleavage fracture is sensitive to microstructure (grain size and carbide population), yield 

	Figure
	The height-height correlation function at this transition scale captures the uniqueness of the fracture surfaces, so we can use that function’s behavior in setting the observation scales (i.e., field of view, FOV, and imaging resolution) for comparing matching and non-matching surfaces to produce a statistical model of each topographical class’s behavior for use in classification. This imaging scale should be greater than about 10-times the self-affine limit scale to avert signal aliasing. Further, we can c
	The height-height correlation function at this transition scale captures the uniqueness of the fracture surfaces, so we can use that function’s behavior in setting the observation scales (i.e., field of view, FOV, and imaging resolution) for comparing matching and non-matching surfaces to produce a statistical model of each topographical class’s behavior for use in classification. This imaging scale should be greater than about 10-times the self-affine limit scale to avert signal aliasing. Further, we can c
	pry tool from a similar batch of identical tools). The statistical model can produce a likelihood ratio or log-odds ratio of a new set of surfaces belonging to either class, which are common outputs of forensic matching methods. The creation of this model can also be used to estimate probabilities of misclassification and compare to the actual rates of misclassification in the test data. Conceptually, this is similar to forensic matching models, which are used in fingerprint identification, and bullet match
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	Figure
	Figure
	Figure 3: Detailed SEM analysis of a typical fracture surface for (a) bent broken knife broken in bending, showing topological details normal to the imaging plane, and (b) twist broken knife in torsion, showing in-plane swirl textures. 
	Figure

	1.3.3 Sample Generation and Imaging 
	1.3.3 Sample Generation and Imaging 
	To mimic forensic articles found in a crime scene and that might undergo comparative analysis, we consider two main material classes: sets of rectangular rods of a common tool steel material (SS-440C) fractured under control tension and bending configurations (Figure S.2(b, d)), and sets of knives (Figure S.1) from the same manufacturer (Figure S.1(c, d)), fractured at random employing the fixture shown in Figure S.1(b). Figure 1(a) shows atypical pair of fragments, generated for this study. The average gra
	For clarity, we refer to the surface attached to the knife handle as the base and the surface from the tip portion of the knife as the tip and apply the same terminology to samples from the rectangular steel rods. The microscopic features of pairs of fracture surfaces were analyzed by a standard non-contact 3D optical interferometer (Zygo-NewView 6300), which provides a height resolution of 20 nm. Utilizing the results of the height-height correlations of Figure 2(b), the 
	For clarity, we refer to the surface attached to the knife handle as the base and the surface from the tip portion of the knife as the tip and apply the same terminology to samples from the rectangular steel rods. The microscopic features of pairs of fracture surfaces were analyzed by a standard non-contact 3D optical interferometer (Zygo-NewView 6300), which provides a height resolution of 20 nm. Utilizing the results of the height-height correlations of Figure 2(b), the 
	transition scale commences at around 50–70 µm to become non-self-affine and saturate, rendering a required imaging FOV of about 500µm. For the examined material systems, this scale amounts to 2–3 times the grain size (consistent with the fracture process zone for cleavage fracture), and the FOV should cover 20–30 grain-diameters. Accordingly, an optical magnification of 20X is employed, providing a 550µm FOV and 0.55 µm/pixel resolution (Figure 2(a)). Two fragments were aligned for imaging relative to their
	45


	Figure
	Figure
	Figure 4: A fracture pair showing the alignment of series of topographical images, relative to a reference coordinate w.r.t. the right edge of the fractured article. A series of k = 9 topographical images with 75% overlap between successive images, rendering three fully independent sequel images on the fracture surface. 
	Figure
	A series of k-overlapping surface height 3D topographic maps were acquired from the pairs of fracture surfaces (Figure 4; k = 9), and quantized using Fourier transform based power spectral analysis as summarized in Figure 5 in (a) the image analysis step. The choice of overlap means there are three full independent sequential images on a surface. Multiple overlapping images were needed to overcome problems arising from missing grains between pairs of the fracture surface and/or the special circumstances of 
	Figure
	Figure 5: Flow chart showing (a) image spectral analysis, (b) model training, and (c) classification of new objects to provide classification probabilities. For a new field object, an examiner would use (a) to image the object and perform (c) using a model trained in (b) on samples of the same class to guide forensic conclusions. 

	1.3.4 Image Spectral Analysis and Frequency Correlations 
	1.3.4 Image Spectral Analysis and Frequency Correlations 
	From the 3D imaging of the fracture surface, the measured height distribution function h(x) is 
	acquired to define the topography of the fracture surface at every spatial point, x on the fracture 
	acquired to define the topography of the fracture surface at every spatial point, x on the fracture 
	surface of a pair of fragments, shown in Figure 5(a). Each wavelength on the fracture surface has a distribution, in the frequency domain H(f), which is acquired using a Fast Fourier Transform (FFT) operator. For example, grain size has a distribution of frequencies across the spectrum rather than one specific frequency. Similarly, other microscopic fracture features have a range of spectral distributions. For a pair of fractured surfaces, the population of these features contains relevant information about
	59, 60 


	Figure
	The spectral space analysis provides a straightforward segmentation of the surface topographical frequency ranges for comparison. After calculating the spectra of each pair of images, each spectrum was divided into multiple radial sectors. The segmented angular sectors for the frequency range (0, 180) represents the entire data set, because the amplitude of H(f) exhibits inversion symmetry. The spectral array size is proportional to 2, as this is a mathematical feature of the FFT. For the image size employe
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	To compare the surfaces of two fragments, two-dimensional statistical correlations between their spectra are computed in banded radial frequencies, yielding a similarity measure on each frequency band for the corresponding k-pairs of images. As noted earlier, the increments for the bands’ frequency are determined by the scale of the image and the material microstructure, covering the transition scale of the height-height correlation of Figure 2(b). A training data set with N fracture surfaces is utilized to
	To compare the surfaces of two fragments, two-dimensional statistical correlations between their spectra are computed in banded radial frequencies, yielding a similarity measure on each frequency band for the corresponding k-pairs of images. As noted earlier, the increments for the bands’ frequency are determined by the scale of the image and the material microstructure, covering the transition scale of the height-height correlation of Figure 2(b). A training data set with N fracture surfaces is utilized to
	frequency bands on all k image pairs for both the population of true matches and true non-matches fracture surfaces. For establishing a statistical match, these distributions, shown in Figure 6, form the basis for our classification and matching process strategy, following the two modules summarized in Figure 5, (b) Model training on an initial data set, and (c) performing classification of new sample(s). 

	Figure

	1.3.5 Statistical Model Training/Fitting 
	1.3.5 Statistical Model Training/Fitting 
	A statistical model will be developed to distinguish matching from non-matching fracture surfaces. Employing a training data set, the behavior of the frequency band correlations in the population of matches and non-matches has to be estimated and modeled. The proposed framework provides a separate model for each class (i.e., match and non-match). The model training process, highlighted in Figure 5(b), entails: 
	1. 
	1. 
	1. 
	Choice of controlled and robustly characterized data set of fractured pairs to train the model. 

	2. 
	2. 
	Computation of the correlations for the frequency bands for the sets of k images for all N matching and N(N − 1)/2 non-matching surface pairs. 

	3. 
	3. 
	Employing the Fisher’s z transformation on the correlation data to stabilize variance. 
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	4. 
	4. 
	Fitting the models using a matrix-variate distribution (as detailed later in this section) to describe the distribution of true matches and true non-matches. The matrix-variate models account for the difference in location of the correlations and account for the covariance of the repeated observations across the surface. The frequency band correlations for one of the examined data sets (K-1-1) are shown in 


	Figure 6. The proposed method’s discrimination ability can be judged from the clear separation of 
	Figure 6. The proposed method’s discrimination ability can be judged from the clear separation of 
	matching and non-matching surfaces within two separate clusters. The data in this illustration were derived from N = 9 base-tip pairs from fractured knives. A series of k = 9 overlapping images were taken from each base and tip fracture surface, resulting in N ×2k = 162 total images (81from the tips and 81 from the bases). Additional details are given in the S.1 for different data sets. In this example, image pairs for when the tip and base surfaces were from the same knife are true matches (N × k = 81 matc

	Figure
	Figure
	Figure 6: Scatter plot of correlations for 81 matched pairs and 648 non-matched pairs from training set K-1-1 for the 5–10 and 10–20 mmfrequency ranges on a Fisher-z (nonlinear) axis. We see that true matches and true non-matches are distinguished in this example by features in the 5-10 and 10-20 mmfrequency ranges. The connected points show the values of nine overlapping images from the same surface, indicating that while some individual images may not distinguish matches from non-matches, taking an ensemb
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	is one image-pair among the true matches in Figure 6 which cannot be distinguished from the true 
	non-matches and three other pairs that are ambiguous. To further improve the discrimination, 
	non-matches and three other pairs that are ambiguous. To further improve the discrimination, 
	considering multiple k－observations from the same surface would distinguish it from the 

	Figure
	nonmatches, since the other observations on that surface are well-separated from the non-matches. In the current framework, we take the information from every pair of images and collectively based on the model, a decision is driven accounting for the fact that the images are not independent, i.e. overlapping and coming from the same fracture surface. The role of imaging repetition or overlap, may improve the signal to noise ratio. Figure 7 summarizes the correlation analysis over several ranges of frequency
	values for the true matches) can be observed for the 5–10 and 10–20mm
	frequency-band ranges. 

	Beyond these frequency ranges, there is some overlap, where the true match and the true non-match correlation distributions become less distinct and overlap more. 
	Figure
	Figure 7: Histograms of correlations of true matches and true non-matches in one set of 9 surfaces with 9 images per surface split by frequency band. Lower frequencies are well-separated but higher frequencies begin to have more substantial overlap. 
	For the presented data set of k = 9 overlapping images for each fracture surface and two 
	(or more) comparison frequencies, each comparison between a pair of fracture surfaces based on 
	(or more) comparison frequencies, each comparison between a pair of fracture surfaces based on 
	the ensemble of nine images provides a 2 × 9 matrix of correlations. Our model needs to account 

	Figure
	for the lack of independence in the images from the same specimens. Accordingly, we propose using a matrix-variate distributionto model the densities of the matching and nonmatching populations, and, specifically, a matrix-variate t distribution (MxVt) because the data for the individual comparisons are approximately elliptically distributed but have heavier tails than a normal distribution. A definition of the distribution is in the Supplement Section S.3 and the density is defined in Equation S1 in the Su
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	We use matrix-variate distributions to model the relationship between the two frequency bands in each image comparison and across the images being compared in the base and tip pair 
	(e.g. Figure 6). Because of the overlapping-image structure of the data source, our model allows between-image correlations in the matrix-variate model to be related according to an autoregressive model of order 1 (or AR(1)) model (implying that immediately adjacent images can be correlated). The AR(1) model implies that the mean correlations in the two frequency bands remain the same across the images on a surface in the model. The parameters of the model are estimated using an expectation-maximization (EM
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	1.3.6 Classification of a New Object 
	1.3.6 Classification of a New Object 
	Figure 5(c) summarizes the classification procedure. Suppose the fitted model has been trained on a set of k-images per fracture surface, yielding probability density functions fcorresponding to the population of true matches and fcorresponding to the population of true non-matches. Suppose also that there is a new pair of fracture surfaces that may or may not match. First, the 
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	Figure
	correlations for the k-aligned image pairs in the chosen frequency bands are computed and transformed, yielding a new observation X, which is a matrix of observations of correlations with 
	one row for each frequency band and one column for each pair of images—here, a 2 × k matrix. 
	Then, presuming prior probability p of being a true match and prior probability 1－p of being a 
	true non-match, we can find, by combining prior probabilities and the match and non-match densities from the model, the posterior probability that the two surfaces match as follows: 
	pf  x
	P  X is a match . 
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	12(1)xpf
	12(1)xpf
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	Alternatively, a likelihood ratio (LR) can be produced as f x f x , which is a common method 
	1 
	Figure
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	in forensic applications, and these LR results can be incorporated into a framework for 
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	expressing the uncertainty about the strength of evidence under different sets of assumptions. The likelihood ratio can be combined with prior odds  p (1 p) to produce posterior odds: 
	65 
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	p
	Posterior Odds  LR 
	(1 p) 
	with the conversion of odds O to probability P performed by the formula P  O (1 O) . Here, odds and likelihood ratios are employed and reported on the logarithmic scale. Once the posterior odds are obtained, classification decisions can be made under the rules of evidence relevant to each forensic case. 
	Figure

	For the purposes of illustrating the method, we are using an equal prior probability of being a match or non-match (i.e., p = 0.5 or a log prior ratio of 0). In an actual criminal or civil case, choosing a prior match probability would require carefully considering any other evidence or relevant information previously presented. 
	Figure

	1.4 Expected Applicability of the Research 
	1.4 Expected Applicability of the Research 
	The performed study responds to a need for advanced methods that aid in analysis and comparison of fracture and torn surfaces, employing new tools and algorithms. The study provided a protocol utilizing 3D microscopy and statistical computational methodology to provide a quantitative assessment of fracture surfaces and their replicas for forensic comparison, combined with a statistical expression of the comparison. The performed study enhances the ability of forensic scientists to capture, visualize and ana
	(i) 
	(i) 
	(i) 
	Examining continuous fracture pieces with relatively few gross macro features in metals and plastics, where visual physical matching may not be possible. 

	(ii) 
	(ii) 
	Providing a wealth of data to establish the foundation of the technique and highlight to prospects and limitation of using surface replicas. 


	(iii) Prospective extension of the technique for the analysis of torn surfaces (e.g. plastic bags, 
	tapes and fabrics). Our framework is also general enough to be applied, after suitable modifications to identification of the proper imaging scale, to a broad range of fractured materials and/or toolmarks, with diverse textures and mechanical properties. In doing so, we expect our novel methodology and findings to help forensic scientists and practitioners place forensic decision-making on a firmer scientific footing. This can help formalize the scientific basis for conclusive matching of fragments leading 
	Figure

	2. PARTICIPANTS AND OTHER COLLABORATING ORGANIZATIONS 
	2. PARTICIPANTS AND OTHER COLLABORATING ORGANIZATIONS 
	2.1 Participants at Iowa State University 
	2.1.1 Principal Investigators 
	(i) 
	(i) 
	(i) 
	Professor Ashraf Bastawros, Aerospace Engineering, developed the forensic relevant data set, designed and planned the testing matrix for fracture testing, fracture topography imaging and spectral analysis of the fracture surface. Prof. Bastawros was also responsible for the overall steering, management, and progress reporting of the whole project. 

	(ii) 
	(ii) 
	Professors Ranjan Maitra and William Meeker, Department of Statistics, developed the statistical methodology for analysis of the fracture data sets. 


	(iii) Professor Barbara Lograsso, Department of Mechanical Engineering, oversaw the sample generation, including material selection, heat treatments, and generating randomly fractured sets of samples. 

	2.1.2 Graduate Students 
	2.1.2 Graduate Students 
	(i) 
	(i) 
	(i) 
	HyeokJae Lee, Current PhD Graduate Student, Aerospace Engineering, generated forensic relevant fracture pairs and supervised the imaging process and spectral analysis. 

	(ii) 
	(ii) 
	Joshua D. Berlinski, Current PhD Graduate Student, Statistics Department, development of the statistical analysis algorithms and performing comparison and statistical decision-making. 


	(iii) Bishoy Dawood, PhD 2021, Aerospace Engineering, generated forensic relevant fracture pairs and supervised the imaging process and spectral analysis. 
	(iv) Carlos Llosa, PhD 2022, Statistics Department, development of the statistical analysis algorithms and performing comparison and statistical decision-making. 
	Figure

	2.1.3 Undergraduate Students 
	2.1.3 Undergraduate Students 
	The following undergraduate students have worked on the project on sample imaging using 
	confocal microscopy and performing spectral analysis of the fractured surface topology: -Jessica Dwyer (Mechanical Engineering) -Abdurrahman Moghram (Mechanical Engineering) -Kaiser Aguirre (Aerospace Engineering) -Austin Beckhardt (Aerospace Engineering) -Aidan Furley (Aerospace Engineering) -Mehmet Sefer (Aerospace Engineering) -Noah Schumacher (Mechanical Engineering) -Ryan Schiltz (Material Sciences and Engineering) -Tyler Chandler (Aerospace Engineering) 

	2.2. External Collaborators 
	2.2. External Collaborators 
	John Vanderkolk, Retired Forensic Scientist, Indiana State Police Laboratory, 5811 Ellison Road, Fort Wayne, IN 46804. Mr. Vanderkolk reviewed our sample plans and provided input to the forensic perspective. He showed us the protocols used to review such data and comparisons. The PI’s communicate with John by email and phone conference calls on a quarterly basis and with semiannual demonstration and discussion. 
	Lauren K. Claytor, Forensic Scientist Group Supervisor, Virginia Department of Forensic Science, 700 N 5St, Richmond, VA 23219. Ms. Claytor provided forensic sample set of hacksaws that were analyzied by forensic experts for comparison with the proposed statitical comparartive framework. She has overseen the generation of new samples set under releveant forensic environment. 
	th 
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	3. OUTCOMES 
	3. OUTCOMES 
	3.1 Activities/accomplishments 
	The three major accomplishments have been reached under this grant. 
	(i) 
	(i) 
	(i) 
	Developed mathematical and algorithm framework to identify imaging scales for different classes of materials with intrinsic length scales (metal grain size) and without intrinsic length scale (amorphous plastics), identifying key variables, probability distributions, and quantification of different sources of variability. 

	(ii) 
	(ii) 
	Performed a systematic study to different fracture scenarios under different loading scenarios (bending, twisting and combination) to achieve realistic forensic data set for fracture comparison. 


	(iii) Performed a validation study on a fully documented consecutively fractured hacksaw sample set (Claytor and Davis, 2010), provided by our forensic scientist collaborator and utilized for the validation study of fracture match using fracture surfaces topology. Identified key issues of 3D microscopies of surface replicas. 
	12 

	In the next section, we summaries the main finding with additional supplementary materials provided in Appendix S1 to provide additional information about the methods and materials. An R-software package to perform the model fitting and analysis, MixMatrix, and code to reproduce the analysis and figures is available. 
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	3.2 Results and Findings 
	3.2 Results and Findings 
	In this work, we attempted to employ the understanding of the fracture topographical details, combined with statistics and machine learning to arrive at a comparison decision. Our focus is to identify the domain of unique individuality through spectral analysis of the fracture surface 
	In this work, we attempted to employ the understanding of the fracture topographical details, combined with statistics and machine learning to arrive at a comparison decision. Our focus is to identify the domain of unique individuality through spectral analysis of the fracture surface 
	topography and provide a quantitative analysis for match probability and the corresponding error rate that is required to be reported . Here, we will discuss some of the developed framework attributes, generalities and limitations. 
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	3.2.1 Imaging scale for comparison 
	3.2.1 Imaging scale for comparison 
	When comparing characteristic features on a fractured surface, identifying the proper magnification and FOV are critical. An optical image obtained by high magnification and a small field of view, will possess a visually indistinguishable characteristic. This is the range where surface roughness shows self-affine or fractal nature as noted on Figure 2(b). In this range, the material intrinsic local fracture mechanism show similar topographical surface features over the fractured surface (e.g. local cleavage
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	Figure
	And (ii) the range of wavelengths or frequencies to perform correlations on pairs of fragments. When correlating the frequency bands in the range of 5–20mm(i.e. (50–200µm wavelength) full separation and clustering can be clearly observed in Figure 6 for matched and non-match fracture surface pairs. Furthermore, beyond this frequency range, the match and non-match correlations overlaps, as noted on Figure 7. The identified imaging scale (which should be established for each class of materials) coupled with t
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	3.2.2 Classification performance 
	3.2.2 Classification performance 
	There are two datasets from the knives and two from the steel bars: “K-1-1” is the first set of images from the first set of knives (Figure S.1), and the imaging is independently repeated generating additional sets of images “K-1-2”and “K-1-3” for repeat analysis.“K-2” indicates the other set of knives, whereas “S-1” and “S-2” indicate the two steel bar samples (Figure S.2). 
	Figure
	Figure
	Figure 8: Log-odds of being a match split by training set and true class membership for matrix−t distributions with 3, 5, 10, 15, 20, and 30 degrees of freedom. A log-odds ratio greater than 0 indicates greater odds of being a match than a non-match. The predictions for each training set are on all four sets of surfaces. 
	Figure 8 shows the classifications obtained by training on each of the four datasets, represented by one of the color boxes, with all 9 images per sample and classifying on all the other sets of surfaces using the matrix-variate t distribution and a common degrees of freedom parameter, ν = 3, 5, 10, 15, 20, and 30, and prior probability of being a match of 0.5 (for example, training on the first set and testing on sets 2, 3, and 4, and continuing the same process with the other sets as the training set). Th
	Figure 8 shows the classifications obtained by training on each of the four datasets, represented by one of the color boxes, with all 9 images per sample and classifying on all the other sets of surfaces using the matrix-variate t distribution and a common degrees of freedom parameter, ν = 3, 5, 10, 15, 20, and 30, and prior probability of being a match of 0.5 (for example, training on the first set and testing on sets 2, 3, and 4, and continuing the same process with the other sets as the training set). Th
	1, which suggests using a classification threshold other than 0.5 would yield perfect classification in this set of data. A different threshold can be chosen by selecting a low probability (such as 10) as a probability of a false alarm and using the distribution of log-odds of the true non-matches to fix that threshold conservatively by selecting an upper confidence bound of that quantile. Using the upper 95% confidence bound for the threshold at which the false alarm probability based on the distribution o
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	3.2.3 Reproducibility of results 
	3.2.3 Reproducibility of results 
	In order to determine the reproducibility of results for a given sample, we re-imaged one of the knife samples three times and examined the distributions of the true match image correlations in Figure 9. The different re-imaged sets are labeled “K-1-1”, “K-1-2”, and “K-1-3”. The means of the distributions (indicated by the large shapes) are similar and the covariance matrices, visualized using 99% confidence ellipses, are also similar. Using the two-sample Peacock test, a two-dimensional extension of the Ko
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	Figure
	Figure
	Figure 9: Individual true match correlations for three repetitions of images of the K-1 set of 9 knives and with 9 images per knife. The similarity among the three distributions demonstrates that similar results will be obtained upon re-imaging the same surface, which is important in forensic applications. The large dots indicate the means of the sets, and the ellipses are 99% tolerance ellipses, which provide a representation of the covariance matrices. 
	3.2.4 Selecting degrees of freedom, DF () 
	The training sets do not have a sufficient number of observations in both classes to estimate ν in the MxVt model. However, the analysis in the previous section indicates it has some influence on the results. We performed a leave-one-out cross validation (LOOCV) procedure to provide guidance about the effects of changing the parameter. For each surface in a training set, a model was trained on the set of observations excluding that surface and tested on the observations using the excluded surface. This was 
	The training sets do not have a sufficient number of observations in both classes to estimate ν in the MxVt model. However, the analysis in the previous section indicates it has some influence on the results. We performed a leave-one-out cross validation (LOOCV) procedure to provide guidance about the effects of changing the parameter. For each surface in a training set, a model was trained on the set of observations excluding that surface and tested on the observations using the excluded surface. This was 
	and 9 respectively. The parameter ν varied from 3 to 30. In all cases, the true matches and true non-matches were perfectly classified using a threshold probability of 0.5 (log-odds of 0). Higher values of ν had more separation between the classes. Using 9 images with 75% overlap had greater separation than 5 images with 50% overlap and greater separation between the identification of true matches. However, given that there is perfect classification in all cases, this finding does not provide much guidance 

	Figure
	Figure
	Figure 10: Cross-validation results for models fit using k = 3, 5, and 9 images of each surface. The cross-validation was done to provide guidance about the number of images and the choice of DF (ν). There were no false positives or false negatives in this analysis, so it did not provide any conclusive results. 
	Figure 10: Cross-validation results for models fit using k = 3, 5, and 9 images of each surface. The cross-validation was done to provide guidance about the number of images and the choice of DF (ν). There were no false positives or false negatives in this analysis, so it did not provide any conclusive results. 



	3.2.5 Required number of images for discrimination and model selection 
	3.2.5 Required number of images for discrimination and model selection 
	Due to the existence of topographical disturbances in some images (e.g., grains fall out from the fracture surface or substantially large out-of-plane curvature within the range of comparisons), there is not perfect separation between all image pairs for the matches and non-matches. This can be seen in Figure 6 where some image pairs have a correlation coefficient of less than 0.50 for the 
	Due to the existence of topographical disturbances in some images (e.g., grains fall out from the fracture surface or substantially large out-of-plane curvature within the range of comparisons), there is not perfect separation between all image pairs for the matches and non-matches. This can be seen in Figure 6 where some image pairs have a correlation coefficient of less than 0.50 for the 
	two bands of frequency analysis. To mitigate the influence of local topographical disturbances when deciding whether a pair of fragments represent a match or not, multiple observations are needed. To determine how many images are needed to optimize classification performance, we started by training models using all nine images from each base-tip pair in each training set as before. We again used the MxVt model with  = 3, 5, 10, 15, 20, and 30, and then tested them on subsets of consecutive overlapping imag

	Figure
	Figure
	Figure 11: Rates of false positive and false negative classifications (in %) using models trained on the four different sets of surfaces and tested on consecutive subsets of those images for k = 2, 3, . . . , 9. 
	Figure 11: Rates of false positive and false negative classifications (in %) using models trained on the four different sets of surfaces and tested on consecutive subsets of those images for k = 2, 3, . . . , 9. 


	In Figure 11, models with higher  have higher false negative rates for all values of k. For values of k over 4, only 20 and 30 DF have false negatives (specifically, they each have one false negative result). Low values of the degrees of freedom parameter have false positives. All of this 
	suggests that choosing a value near  = 10 and k ≥ 5 images is sufficient for error-free classification 
	in the sample sets. Figure 12 displays complete results for a model with 10 DF. As k increases, the typical classification results become more separated. However, even with only two images 
	in the sample sets. Figure 12 displays complete results for a model with 10 DF. As k increases, the typical classification results become more separated. However, even with only two images 
	considered in the test cases for the 10 DF model, the accuracy is very high. The worst case of a false positive is classified with only a probability of 0.8314. The worst case of a false negative is classified with a probability of 0.504. Again, this is the range of match probabilities where an inconclusive match result could be assimilated for 0.5 > P > 0.88 as noted in Section 3.2.2. 

	Figure

	3.2.6 Percentage of overlap between images 
	3.2.6 Percentage of overlap between images 
	Guided by the results of Figure 12, it is apparent that we need at least 5 to 6 images for error-free discrimination in this particular example, and that performance improves with additional images. We reassessed the imaging procedure to gauge the role of the image-overlap ratio. The initial experiment involved imaging surfaces using nine images with 75% overlap between images, which provides three observations for each point on the surface, apart from the edges. However, a similar area can be imaged using 
	Figure
	Figure 12: Distributions of the log-odds of a match using models trained on the four different sets of surfaces and tested on subsets of k consecutive images for k = 2, 3, . . . , 9 for a model with 10 degrees of freedom. 
	Figure 12: Distributions of the log-odds of a match using models trained on the four different sets of surfaces and tested on subsets of k consecutive images for k = 2, 3, . . . , 9 for a model with 10 degrees of freedom. 


	Figure
	We can evaluate this by providing an analysis similar to that done previously: looking at the classification results when restricted to cases with the specified overlap. We train classifiers on the same sets as before, except using 5 images with 50% overlap instead of 9 images with 75% overlap and then test the models on the other sets excluding the set used to train the model by classifying pairs of surfaces using all possible subsets of those images on the surface of sizes 2, 3, 4, and 5. When restricted 
	Figure
	Figure 13: Rates of false positive classifications (in %) using models trained on the four different sets of surfaces using only the images with at most 50% overlap and tested on subsets of k consecutive images for k = 2, 3, 4, 5 and using only the 3 non-overlapping images and tested on subsets of k consecutive images for k = 2, 3. A full summary of the results are in Tables S2 and S3 of the Supplement. 
	Figure 13: Rates of false positive classifications (in %) using models trained on the four different sets of surfaces using only the images with at most 50% overlap and tested on subsets of k consecutive images for k = 2, 3, 4, 5 and using only the 3 non-overlapping images and tested on subsets of k consecutive images for k = 2, 3. A full summary of the results are in Tables S2 and S3 of the Supplement. 


	We perform a similar exercise in the case of the non-overlapping images. There are three non-overlapping images per surface which can be used to train the classifiers and the models can then be tested on subsets of those images on each surface of sizes 2 and 3. In the case of non-overlapping images, no model results in perfect classification. The false positives for each model are also shown in Figure 13. There are no false negatives in the classification decisions. 
	Figure
	This suggests that, while having more images is generally better, using 5 images with 50% overlap appears to be sufficient if all the images are used. Imaging the entire surface with 50% overlap outperforms imaging the entire surface with 75% overlap in the sense that it works for all of the classes of model. However, if training with 9 images with 75% overlap is possible, testing on new surfaces is feasible with as few as 5 test images with an appropriate choice of the degrees of freedom parameter in the m

	3.2.7 Calibration of output probabilities 
	3.2.7 Calibration of output probabilities 
	The models present the outputs as probabilities; therefore we need to assess how well the probabilities in the models reflect the underlying probabilities in the matching and non-matching populations. Figure 14 displays a calibration plot comparing the output probabilities for all predictions to the empirical proportions in each class with a line drawn by a local regression smoother (LOESS) for each model. These predictions can be compared to the reference line on the plot, y=x, to judge the calibration. Th
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	Figure
	Figure
	Figure 14: A calibration plot of all the predictions from the various models and the empirical proportions with a LOESS smoother for each model. The lines should be compared to the diagonal reference line. Matches are indicated at y = 1 and non-matches are indicated at y = 0. 
	Figure 14: A calibration plot of all the predictions from the various models and the empirical proportions with a LOESS smoother for each model. The lines should be compared to the diagonal reference line. Matches are indicated at y = 1 and non-matches are indicated at y = 0. 



	3.2.8 Examining the framework capabilities on a twisted-fracture knife set 
	3.2.8 Examining the framework capabilities on a twisted-fracture knife set 
	All examined sets of fractured articles were tested in tension or bending. This is mode-I cleavage fracture where the crack propagation direction is normal to the loading axis. The fracture surface showed topographical features normal to the fracture surface, similar to those shown in the SEM image of Figure 3(a). However for a general forensic article such as a knife or a pry tool, an edge could be broken due to bending and twisting of the article. This would impose a mixed mode of loading including mode-I
	All examined sets of fractured articles were tested in tension or bending. This is mode-I cleavage fracture where the crack propagation direction is normal to the loading axis. The fracture surface showed topographical features normal to the fracture surface, similar to those shown in the SEM image of Figure 3(a). However for a general forensic article such as a knife or a pry tool, an edge could be broken due to bending and twisting of the article. This would impose a mixed mode of loading including mode-I
	in the plane of the crack that is very different from those of mode-I loading. This unique texture would probably further enhance the individuality of the fracture surface. We will attempt to examine the validity of the analysis protocol on such general case of fractured articles. The twisted knife set was imaged using the same procedure discussed in Section 1.3.4 and the same magnification of 20X. However, due to the excessive tortuosity of the crack path, five images (k = 5) with 75% overlap between adjac

	Figure
	Figure
	Figure 15: A plot of the classification results for a generality verification data set of nine knives broken by twisting with five images per surface. The models were trained with on different training bending and tensile fracture sets using five images with the degrees of freedom setting  = 10. 
	Figure 15: A plot of the classification results for a generality verification data set of nine knives broken by twisting with five images per surface. The models were trained with on different training bending and tensile fracture sets using five images with the degrees of freedom setting  = 10. 


	The results for this set, shown in Figure 15, are similar to those obtained in Figure 8 despite the 
	use of a different external loading of mode-I tensile cleavage fracture. The true match cases where 
	use of a different external loading of mode-I tensile cleavage fracture. The true match cases where 
	identified with probability exceeding 99.999% and the true non-match were identified with probability not exceeding 0.05% for all the different training sets. This suggests the scale of comparison, derived from the self-affine saturation scale of the fracture surface topology is more general and tied to the microstructure scale (grain size) for hardened tool materials failing by cleavage fracture. This result is far more reaching. 
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	3.2.9 Assessment of cast replica effectiveness in topological mapping 
	Figure
	Figure 16: 3D topological analysis of pair of fractured surfaces, Base-Tip pair, and a Tip-replica. 
	Figure 16: 3D topological analysis of pair of fractured surfaces, Base-Tip pair, and a Tip-replica. 


	(a) Optical micrograph and color rendering of the topological fracture surface. Base and Tip show mirror images with each other, while the Tip and its replica show mirror images with each other (b) 3D topological representation of the fracture surface, utilizing a 640 µm Field of View for the square inset area on the optical image. (c) 2D representation of the height comparison along line A-A showing the original measured height (top) and the corresponding long-wavelength (middle) and short-wavelength (bott
	Figure
	Our focus also is on examining the potential of cast replicas, shown in Figure 16, to transfer all the topological details required for the analysis at the proper magnifications. The classification model was applied to three sets of pairs of surfaces: the original Bases with Tips, the Bases with the Tip replicas, and the Tips with their replicas. Figure 17 shows the posterior probabilities of match obtained on the three sets of surface pairs in the log-odds scale. Larger posterior log-odds indicate more evi
	Figure 18 summarizes the results for the replication capacity of the silicone replica technique for all the frequency bands in the range of 3-200 mmor the corresponding wavelength of 333-5 m, respectively. The correlation means are shown for each of the comparison bands along with 95% bootstrap confidence intervals for both the matches and non-matches for the 
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	Figure
	Figure
	Figure 17: Posterior log-odds of being a match using a model trained on a separate set of images from the same surfaces and tested on the pair of surfaces of base-tip, replica-base, and replica-tip. Higher values indicate stronger evidence of match. 
	Figure 17: Posterior log-odds of being a match using a model trained on a separate set of images from the same surfaces and tested on the pair of surfaces of base-tip, replica-base, and replica-tip. Higher values indicate stronger evidence of match. 


	Figure
	Figure 18: Mean correlations obtained from the comparison between the Tip and its replica along 10 frequency bands and to both matches and non-matches, and for both the filtered and non-filtered FFTs. The matching correlations decrease with increasing frequency bands while still being distinctively different from the non-matches until it reaches frequency bands higher than 100 mm. 
	Figure 18: Mean correlations obtained from the comparison between the Tip and its replica along 10 frequency bands and to both matches and non-matches, and for both the filtered and non-filtered FFTs. The matching correlations decrease with increasing frequency bands while still being distinctively different from the non-matches until it reaches frequency bands higher than 100 mm. 
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	Figure
	original FFTs along with the filtered FFTs. Figure 18 shows that with increasing the frequency bands (i.e., reduction of the wavelength in real space), the matching correlations between the Tip and its replica decay in magnitude and spread. Furthermore, the correlations obtained from the filtered FFTs show increased correlations in both the matches and the non-matches. While we are asking too much from the discrimination framework, however Fig. 18(a) shows that the match correlation remains around 0.4-0.5 f
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	This analysis provides two significant results. First, the analysis supports the developed classification procedure. It shows how replicas are effectively capturing the surface fractures along wavelength topological details in the range of the two frequency-band analyses of 5-10 and 1020mmwhich corresponds to 200-100 and 100-50m wavelengths. The topological features at these length scales are unique and helpful for distinguishing between matches and non-matches. Second, the analysis shows the ability of th
	-
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	for mapping features of 20 m and larger. It can be assertively stated that the replicas effectively 
	for mapping features of 20 m and larger. It can be assertively stated that the replicas effectively 
	distinguish between matches and non-matches in low frequency ranges, and they stop being distinctively different for frequency above 100 mm, where the micro-features of the local fracture processes that are common to both the matches and non-matches are compared. 
	-1


	Figure
	3.2.10 Examining Proficiency Sample Set (Claytor, 2010) 
	12 

	Figure
	Figure 19: Proficiency sample set, provide by our forensic collaborator. (a) Physical fit of two edges (b) Direct comparison of fractured edge and its replica. (c) Discrimination analysis framework results for posterior probability for 11 pairs of Match and 220 cases of non-match cases. 
	Figure 19: Proficiency sample set, provide by our forensic collaborator. (a) Physical fit of two edges (b) Direct comparison of fractured edge and its replica. (c) Discrimination analysis framework results for posterior probability for 11 pairs of Match and 220 cases of non-match cases. 
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	The fractured surfaces of Figure 19(a) correspond to a validation study performed by Claytor and Davis, 2010,where the proficiency of forensic examiners to correctly associate matching and non-matching fracture pairs was studied. In their study, consecutively manufactured hacksaw blades were fractured in 11 locations each, resulting in 22 fracture surfaces and 231 pairs of fracture surfaces per blade. These fractured hacksaw blades along with laboratory-generated silicon replicas were analyzed by forensic a
	The fractured surfaces of Figure 19(a) correspond to a validation study performed by Claytor and Davis, 2010,where the proficiency of forensic examiners to correctly associate matching and non-matching fracture pairs was studied. In their study, consecutively manufactured hacksaw blades were fractured in 11 locations each, resulting in 22 fracture surfaces and 231 pairs of fracture surfaces per blade. These fractured hacksaw blades along with laboratory-generated silicon replicas were analyzed by forensic a
	12 

	test was validated by firearm and toolmark trainees who had completed seven to eight months of toolmark training, including a fracture match proficiency test at the Virginia Department of forensic and who had an average of 12.4 years of qualified experience. Out of the 173 responses received, 157 were correctly classified, indicating a 91% accuracy (true classification rate). 

	Figure
	In our study we examined the proficiency of our developed quantitative matching framework by applying the classification method to one of the fractured hacksaw blades used in Claytor and Davis, 2010. This classification algorithm is trained based on cross-validation (such that the material composition is the same for both testing and training datasets), and we will separately train the classification model on a data set of fractured metal rods that are of a different material but with similar fracture topol
	12 

	In Figure 19(b) we observe a boxplot of the posterior probabilities (in the log-odds scale) that corresponds to the 231 pair surface pairs that result from the 22 fracture surfaces (11 matching pairs and 220 non-matching pairs). Furthermore, in Figure 3 we have boxplots for different training techniques: cross validation training (such that the training and testing datasets correspond to the same hacksaw blade material) and metal rod training data (such that the training and testing datasets correspond to d
	In Figure 19(b) we observe a boxplot of the posterior probabilities (in the log-odds scale) that corresponds to the 231 pair surface pairs that result from the 22 fracture surfaces (11 matching pairs and 220 non-matching pairs). Furthermore, in Figure 3 we have boxplots for different training techniques: cross validation training (such that the training and testing datasets correspond to the same hacksaw blade material) and metal rod training data (such that the training and testing datasets correspond to d
	that both training methods result in remarkably similar classifications. This is a strong result, as it shows that training and testing do not need to occur on the same material but can be used between dissimilar materials if they have similar fracture-surface topologies. This is relevant in scenarios where it is hard or expensive to obtain training data for a specific type of fracture material. In these cases, one can obtain training data from a different material if their fracture-surface topologies conta

	Figure

	3.3 Limitations 
	3.3 Limitations 
	Our results suggest that for the class of materials that undergoes cleavage fracture, a single robust training data set under simplified loading conditions would be sufficient to help in discriminating; 
	(i) articles that were exposed to complex external loading (i.e. mixed mode of fracture). (ii) Articles from different classes of materials, but share the same grain size distributions, and (iii) articles with different grain sizes would only require changes of the FOV to include 20-grain diameter and 
	comparison frequency bands corresponding to the 2–4 and 4–8 grain size ranges. 
	Challenges to this technique arise from high topographical details with a large aspect ratio that might shadow the surrounding details, and might disturb one of the frequency bands. 
	It is also conceivable to extend these results to glassy metals, polymers and ceramics, that undergoes cleavage and/or brittle or semi-brittle fracture. In such cases, the limits of the fractal scale should be examined and compared to the critical microstructure scale of the fracture surface topology, such as river and herringbone patterns. Though, additional experimental verification are needed for these classes of non-crystalline materials. 
	Figure
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	An R-software package to perform the model fitting and analysis MixMatrix, is available. A GitHub repository containing the data and the code to reproduce the figures and analysis for the submitted paper to Nature Communications, 
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	at https://github.com/gzt/fracturematching. 


	2. 
	2. 
	2. 
	TopologyMatcheR; an R-package software and data set archival at GitHub; for Dawood, JOFs 2022 paper for identifications of 10-pairs of fractured articles and their casted replicas. Five sets of text-files “.CSV-formatted” are added as reduced input data sets for the correlation coefficients for the range of examined frequencies of 5-200mmfor each of the six image-pairs of each fracture surface pairs. These are the input data, which can be used with the program. These file data files include: 
	https://github.com/carlos-llosa/TopologyMatcheR 
	https://github.com/carlos-llosa/TopologyMatcheR 
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	(i) 
	(i) 
	(i) 
	A3-corrs.csv Correlation coefficients for a set of 10 fractured pairs of metallic articles of similar grain size range. This is a master calibration set, acquired by a well-trained operator and used for training the comparison algorithm. It has 600 entry; 60 matches (10-pairs x 6images per pair) and 540 unmatched entry (for every matched pair of surfaces, there are 9other possibilities of unmatched combination, resulting in 10 pairs x 9 combinations x 6images per pair). 
	-
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	(ii) 
	(ii) 
	base-tip-corrs.csv Correlation coefficients for pair of fractured base-tip surfaces. 


	(iii) replica-base-corrs.csv Correlation coefficients for pair of fractured base and replica of the tip surfaces. 
	(iv) 
	(iv) 
	(iv) 
	replica-tip-corrs.csv Correlation coefficients for pair of fractured tip and its replica surfaces. 

	(v) 
	(v) 
	3crossavg-replica-tip-corrs.csv Correlation coefficients for fractured tip and its replica surfaces after applying the average kernel on the original FFT spectra of each surface. 
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	Berlinski, J. et al., 2023. “Matching pairs of bending fractured samples,” an archive of the entire data set for 10 pairs of bent fracture samples/ Each fracture pairs has six pairs of overlapping images. 
	doi:10.25380/iastate.23947302.v1 
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	pairs of bending fractured samples/23947302 
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	4. Berlinski, J. et al., 2023. “Matching pairs of tensile fractured samples,” an archive of the entire data set for 10 pairs of tensile fracture samples/ Each fracture pairs has six pairs of overlapping images. 
	doi:10.25380/iastate.23929215.v1 
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	4.3 Dissemination Activities 
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	Bastawros, A., 2023. “Physical Match Analysis Utilizing 3D Microscopy of Fractured Surface,” Seminar and discussion, Virginia Department of Forensic Science, March 21, 2023. Dr. Bastawros spent over two hours discussing his technique, development framework and findings. Dr. Bastawros fielded questions from 10 forensic scientists from across the State of Virginia. 

	2. 
	2. 
	Bastawros, A. and Maitra, R., 2022. Developed a full session on “Collaborative case study: Engineering and statistical models for error quantifications in comparative 3D microscopy for physical match analysis,” during the Conference on “Statistical Methods in Imaging 2022,” VANDERBILT UNIVERSITY MEDICAL CENTER, May 25-27, 2022 
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	Three Consecutive talks were given by the PIs on: 
	(a) 
	(a) 
	(a) 
	Fracture matching: A historical perspective and a path forward in forensic science, Lauren K. Claytor, Virginia Department of Forensic Science. 

	(b) 
	(b) 
	(b) 
	Fracture matching: Role of fracture mechanics on setting the comparison scales, Ashraf 

	F. Bastawros, Iowa State University. 

	(c) 
	(c) 
	Quantitative matching of forensic evidence fragments using fracture mechanics and statistical learning, Geoffrey Thompson, Indiana University 
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	5. APPENDICES 
	S.1 Details on Sample Generation and Imaging 
	Two main material classes are considered: two sets of nine single serrated edged knives from the same manufacturer (Chicago Cutlery), and two sets of ten rectangular (0.25" wide, and 1/16" thick) rods of a common tool steel material (SS-440C) cut from the same metal sheet to minimize any variability from the manufacturer. The knives were fractured at random using a controlled bend fixture shown in Figure S1(a). A set of fractured pairs of knives is shown in Figure S1(b). The two sets of the tool steel rods 
	dg = 25–35μm. For clarity, we refer to the surface attached to the knife handle as the base and the 
	surface from the top portion of the knife as the tip. The same terminology was applied to the tool steel samples as well. 
	Figure
	Figure S1. Knife-breaking protocol. (a) Loading fixture. (b) Pairs of knives from the same manufacturer fractured by bending. 
	Figure S1. Knife-breaking protocol. (a) Loading fixture. (b) Pairs of knives from the same manufacturer fractured by bending. 


	Figure
	Figure
	Figure S2. Sample generation protocol. (a) sample fracture under a controlled tensile loading, (b) pairs of steel samples fractured by tensile loading, (c) sample fracture under three point bending loading, (d) pairs of steel samples fractured under bending. 
	S.2 Imaging, Processing and Alignments 
	The microscopic features of pairs of fracture surfaces were aligned and analyzed by a standard non-contact 3D optical interferometer (Zygo-NewView 6300), which provides a height resolution of 20 nm. At the utilized magnification of 20X, defined from the scale of the transition from the 
	affine deformation (Figure 2(b)), a spatial inter-point resolution of 0.55μm was achieved to record 
	topological surface heights similar to Figure 2(a). A series of k－overlapping surface height 3D 
	topographic maps were acquired for each pair of fracture fragments as shown in Figure 3. After acquiring each topological image, standard digital image processing were applied through a 3 × 3 
	Figure
	or 5 × 5 averaging window kernel to (a) fill missing data, and (b) remove digital noise that is above 
	two standard deviation from the mean of the window. A mathematical Hann filter with 10% edge smoothing ratio was applied to the each topological image to provide a periodic boundary for the image edges. The FFT operator was applied to each image to generate the corresponding frequency-space representation and the image spectral contents. Correlations of the selected frequency bands were carried out for the model development and decision-making corresponding to those shown in Figure 4. 
	Alignments of pairs of images for the comparative analysis is a critical issue for the generality of the technique, especially when there is a lack of clear reference to start the 3D topological imaging from. The case of circular object like a bullet casing would require additional angular alignment of the images, either physically or computationally before taking the FFT spectra for the comparative analysis. For the rectangular objects or knives with clear edges studied in this work, the specimen edges nat
	we moved a predetermined distance in the planner x－and y－coordinates to start the imaging 
	sequence. In general, one may identify three types of miss-registration that can greatly affect the correlation estimations between a pair of images. Some of the alignment issues that affect the utilization of virtual comparison microscopy are: 
	1. Planner misregistration in the x－and y－coordinates. The planar alignment is critical when 
	comparing the images in their spatial (real) space, wherein an auto correlation must be utilized to adjust the planar miss-registration. However, the implemented procedure in this work to utilize the spectral (frequency) space is tolerant to planar miss-registration of up to 20% of the 
	comparing the images in their spatial (real) space, wherein an auto correlation must be utilized to adjust the planar miss-registration. However, the implemented procedure in this work to utilize the spectral (frequency) space is tolerant to planar miss-registration of up to 20% of the 
	field of view. Actually, we have examined different planar miss-registration up to 400% of the FOV, and we found that the correlation will degrade by about 10% for up to 50% shift for the FOV. 

	Figure
	2. Angular misregistration within the plane observation (fracture plane). This is more critical when considering a series of overlapping k－images, wherein the last image-pair might have much 
	less of an overlap due to angular separation. For our work, this was not an issue as we were studying fragments with good references for alignments. Beyond the presented work in this manuscript, we are implementing an aliment technique using the frequency spectra on angular trajectories within the two comparison bands to correct for angular misregistration that would 
	maximize the correlation coefficients for an image pair. For a set of k－image pairs, the miss-
	registration angle is optimized to maximize the correlation coefficient over the entire k－image 
	pairs on a pair of fracture surfaces. This process is conducted for pairs of fragments, regardless of their classification as true match or true non-match. 
	3. Fracture plane tilt: This is the case with a very tortuous fracture surface, especially for semi-brittle or ductile articles. In such case of tortuous path, the topological details of the surface will have high aspect ratio that might eclipse/shadow other features. Furthermore, if large plasticity exists on the surface and the surface topology changes within several hundred microns with non-planer mean, the 3D topological imaging process would be much harder and additional mathematical treatment would be
	Figure
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